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Abstract

Most of the trips in the cities are one-person, low-speed, short distance. That is why Changing Places
group at the MIT Media Lab has designed an autonomous, electric and shared urban vehicle that will
take conventional cars out from urban areas. This vehicle concept is called Persuasive Electric Vehicle
(PEV). An agile, on-demand, shared and functionally-hybrid tricycle, which is thought to minimize traffic
congestion, energy consumption and pollutant emission. The PEV takes advantage of existing bicycle
lanes, provides energy-efficient mobility, and addresses sedentary lifestyles.

One meter wide, the PEV is also know as a narrow track vehicle. Due to its dimensions, roll stability is
a real issue. The PEV would have to lean into corners in order to compensate for the lateral acceleration
and maintain their stability. Therefore, this thesis has been dedicated to the design and fabrication of
a three wheeler vehicle with an active tilting system. The proposed tilting strategy would be automatic
and achieved by a dedicated tilting actuator, requiring no additional inputs from the driver.

First, the dynamic model of a tilting three wheeler vehicle is replicated, from which a linear model
is derived. Then the output feedback regulator is designed, by means of optimal control strategies
(Linear-Quadratic Regulator), built to optimize the lateral acceleration of the PEV. This controller has the
longitudinal velocity as a parameter, and leads to the minimization of the tilting torque and of the lateral
acceleration perceived by the driver, and have good performances as well as good robustness properties.
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1. Introduction

From Drive-less Cars to Car-less Cities

The challenge of moving people and goods around the world’s dense,
growing major cities is hard and getting worse. Nearly ninety per
cent of the world’s population growth will be concentrated in Asia
and Africa, and is expected that 2.5 billion people will add to the
world’s urban population by 2050. Furthermore, cities will soon ac-
count for 80 percent of global carbon emissions, according to the
United Nations urbanization prospects.1

1 Department of Economical
United Nations and Social Affairs.
World urbanization prospects: The
2014 revision, highlights, 2014.
ISBN: 978-92-1-151517-6. Available
at http://esa.un.org/unpd/wup/
Highlights/WUP2014-Highlights.pdf

Much of that emissions will come from idling cars stuck in kilometers-
long traffic jams. Cities around the world are striving to improve
livability by way of reducing dependency on fossil-fuel vehicles, ap-
plying controversial policies and restrictions, usually not understood
by the citizens. Hence, for the moment no key solution has been
found. In fact, this problem is much more complex and will require
long-term solutions.

In this way, technology is evolving to address better urban trans-
portation, more secure and environmentally friendly urban trans-
portation. In the coming decades, the transportation world will be
totally transformed by three concepts: Electrification, autonomy and
shared economy.
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Electrification

The immediate way of getting rid of the pollution that internal com-
bustion engines produce is to install electric motor based drive-trains
in our cars, which account for the most percentage of the emissions.

The introduction of a fully electric transportation system will need
new infrastructure, charging stations and more capacity in the elec-
trical grid. However, it is undeniable that with the exhaustion of
fossil fuels, electric vehicles will replace current cars in the near fu-
ture. The appearance of hybrid propulsion systems supposes the first
step towards the electrification. While it is clear that at the moment
electric vehicles present some limitations, such as battery range, the
development of energy storage technologies will get over these issues
in the next years.

Autonomy

Nowadays, self-driving vehicles are almost a reality, thanks to the
improvements in artificial intelligence and computer technologies.

On one side, the development of new techniques and algorithms in
artificial intelligence have expanded the capabilities of conventional
cars. Deep learning techniques, along with artificial neural networks
have been able to achieve high levels of autonomy by using data
coming from different sensors – cameras, ultrasonic, radar and lidar –
that give enough information about the car’s surroundings.

Figure 1: The cost and the computa-
tional power required for self-driving
cars has been greatly reduced during
the last decade.

On the other side, throughout the last decade there has been an in-
credible decrease in the cost of computation time and in the size
and power to process the data coming from the sensors. This point
is critical in order to incorporate compact and affordable autonomy
packages in current cars.
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Figure 2: Challenges of self-driving ve-
hicles based on the time of deployment
and the complexity of the task.

However, achieving a level 5 of autonomy (based on SAE Interna-
tional Standard J30162) will require years of development, due to the

2 Society of Automotive Engi-
neers (SAE). Taxonomy and definitions
for terms related to on-road motor
vehicle automated driving systems,
2014. Available at http://standards.
sae.org/j3016_201401/. Summary
available at https://www.sae.org/
misc/pdfs/automated_driving.pdf

complexity of the task. Driving in bike lanes, on the contrary, makes
up a straightforward challenge, basically because the road conditions
and the sensors required for this task are not that demanding. The
use of less and more affordable sensors will allow the deployment of
intelligent three –or two in the future– wheeler vehicles through bike
lanes.

Sharing Economy

During the last couple of years, the sharing economy has disturbed
the traditional way of moving in cities. Companies as Uber, Lift,
BlaBlaCar, GetAround, Turo, Zipcar and many others have offered a
new way of commuting in urban areas. In this new paradigm, the
technology has arrived to some countries without a proper regula-
tion, which has caused complaints and protests from conventional
transit services. Other sectors, as housing (Airbnb), goods (Wal-
lapop), food (LeftoverSwap), sports equipment rentals (Spinlister), and
tourism (Vayable) have also seen the irruption of this new way of
economy.

More and more cities around the globe have adopted so called bike-
sharing systems, which enable citizens and visitors to pick up bicy-
cles at some point in the city, use them and leave them at another
point in exchange for a small fee.



4

Figure 3: Number of cities
worldwide that offer bike-
sharing services. Source: https:
//www.statista.com/chart/3325/

bike-sharing-systems-worldwide/

Car-less Cities

The ultimate policy will be to get rid of the vehicles in the city cen-
ters, as multiple cities have already announced.3 These can be seem

3 Leanna Garfield (Business Insider).
12 major cities that are starting
to go car-free, 2017. Available at
http://www.businessinsider.com/

cities-going-car-free-2017-2

as very radical strategies in transport policies, but the congestion and
the pollution big cities are suffering at this moment exhibit much
more issues and harm.

Therefore, is it possible to leverage electrification, autonomy and the
shared economy to help fulfill this vision while ensuring a conve-
nient flow of people and goods across the city?

Persuasive Electric Vehicle

Changing Places group4 at MIT Media Lab5 believes in the progres-
4 Changing Places group projects.
http://cp.media.mit.edu/

5 About the MIT Media Lab.
https://www.media.mit.edu/about/

mission-history/

sive fading of conventional cars from urban areas. The group’s vision
recalls on Kent Larson’s6 ideas, who affirms that the introduction

6 Changing Places group principal in-
vestigator Kent Larson. https://www.

media.mit.edu/people/kll/overview/

of autonomous, electric and shared vehicles will hugely impact the
cities of the future: Different streets layout, no more parking prob-
lems, less necessary vehicles and the overall result will be that the
citizens will take the streets back from the cars.

Furthermore, most trips in the city are one-person, low-speed, short
distance. It does not make any sense to put one person in a 1800
kilograms vehicle to move across a city only a couple of kilometers.
It was in front of this situation when the Changing Places group
designed an ultra-lightweight one-person, three-wheel vehicle that is
bike-like, not car-like.

Figure 4: Persuasive Electric Vehicle
(september 2016)



5

The Persuasive Electric Vehicle7 (PEV) is an agile, on-demand, shared
7 PEV information. http://cp.media.

mit.edu/pev/
and functionally-hybrid tricycle with an expected contribution of
60% emissions reduction and 30% vehicle-distance reduction. The
PEV is thought to constitute a new and indispensable category of
vehicles in the emerging constellation of mobility systems.

The PEV takes advantage of existing bicycle lanes, provides energy-
efficient mobility, and addresses sedentary lifestyles. Designed with
a cover to protect from the rain and the option for electric assist, PEV
makes biking compelling for various demographics.

Various persuasive interventions are displayed through user inter-
action with smartphones to facilitate pedaling behavior. Influential
strategies are designed for both the interior and exterior of PEV. For
example, an interior display shows how many previous riders have
actually pedaled while riding a particular PEV. The exterior of the
PEV changes color depending on whether a rider actually pedals or
not.

Figure 5: Persuasive Electric Vehicle
render model

With a fabric exterior shield, a foldable canopy, and a 250-watt assist
motor, the autonomous tricycle is "persuasive" in that it is designed
to "encourage positive modal shifts in mobility behavior in cities." It
has a top speed of 12 miles per hour, limited by the US regulation.
It can be adapted for a human rider or for package transport, and it
has the sensors and intelligence to operate autonomously.
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Functionality

– In transportation of goods mode, the PEV will cover delivery on
what is known as "the last urban mile". The PEV will be used as an
autonomous courier service taking advantage of its attributes –small
and maneuverable– to efficiently service congested city areas even in
cases of traffic cuts.

Figure 6: Logistics Mode PEV

It could become a pervasive mode for urban package delivery, mov-
ing easily through crowded streets and reducing congestion and car-
bon emissions from gas-powered delivery vehicles.

– In passenger transport mode, the PEV would function as a bicycle
providing more safety and comfort thanks to its structural design,
which offers more protection than conventional bikes, as well as its
electrical assistance system, easing effort while pedaling.

Opposed to most shared bike systems, the PEV would "redistribute
itself". Traveling autonomously from the drop-off point of one pas-
senger to its next user’s location, thus solving the problem of short-
ages and oversupply of bikes at different times in different locations.

Figure 7: Passenger Mode PEV

As for the persuasive element, studies show that those using ride
sharing programs were already walking or riding their bikes more
than others. Since the PEV is meant to expand the market for sus-
tainable transportation, its focus is to give automobile drivers a rea-
son to switch over-which is, a little exercise. By pedaling, riders
generate energy that is stored up and used when needed by the mo-
tor. Passengers could choose to take care of their bodies, cities, and
environment at the same time.

Concluding Remarks

The PEV is one of the upcoming new technological innovations that
are set to change the way people commute in urban areas. Concerns
over pollution and congestion of cities due to the increasing num-
bers of vehicles have seen man engage in inventions to improve their
communities. Automobiles contribute largely to pollution; the de-
velopment and use of the PEV would introduce an ecological mode
of transportation. The elderly will also have reliable means of move-
ment, which in turn encourage exercise and fitness.
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Motivation

The development of a new concept of intelligent vehicle opens the
door to new research projects, in a wide range of fields. Computer
vision, vehicle fleet simulations, persuasive technologies, mechanical
design...are only few examples. Due to the open research opportu-
nities, there is the necessity to understand in first place what people
feel about the vehicle, from a user point of view. The conclusions of
this analysis will narrow down the spectrum to this project’s topic.

Amazon Products Reviews

A good way of understand the feelings of the people is to ask pre-
vious users about similar products. In this case, the most similar
product was found in adult tricycles. The PEV’s user demograph-
ics coincides with these vehicles users. Nowadays, one of the best
databases of available user information can be found in Amazon8.

8 Amazon.com product ex-
ample. https://www.amazon.com/

Schwinn-Meridian-Adult-26-Inch-3-Wheel/

dp/B01I92S3F4

However, this information is not easily accessible. While it is true
that Amazon used to provide access to product reviews through their
Product Advertising API to developers and sellers, the company dis-
continued that on November 2010, preventing customers from dis-
playing Amazon reviews about their products, embedded in their
websites. As of now, Amazon only returns a link to the review.

Therefore, getting this data requires other methods. In this project,
the dataset of Amazon reviews was downloaded using a web crawler
on the HTML pages9. Given a first level domain ("com") and the list

9 Andrea Esuli. Perl scripts for
amazon reviews downloader and
parser. https://github.com/aesuli/

Amazon-downloader

of IDs of Amazon products, this Perl script automatically downloads,
from the Amazon server that is dedicated to that domain, all and
only the HTML pages that contain the reviews about that products.

Another Perl script extracts all the reviews contained in the down-
loaded HTML files, outputting for each review a record with the
following information:

– A counter of the extracted reviews
– Date of the review in YYYY/MM/DD format
– ID of the reviewed product
– Star rating assigned by the reviewer
– Count of "yes" helpfulness votes
– Count of total helpfulness votes ("yes"+"no")

Figure 8: One of the selected Amazon
products

– Date of the review
– ID of the author of the review
– Title of the review
– Content of the review
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The selected products are really similar, with color, some compo-
nents and accessories as main distinctions. The Figure 8 illustrates
an example of one of the selected products, and more information
has been included in Table 2.

Product ID Product Description No. Reviews
B000IORU06 Schwinn Meridian Adult 26-Inch 3-Wheel Bike 401
B000Z89JFO Kent Adult Westport Folding Tricycle 157
B003F1WMZC Worksman Port-o-Trike Three Speed Adult Tricycle 42
B00AWNI22I Schwinn Meridian Tricycle (26-Inch Wheels) 11
B00FXMIUPW Mantis Adult’s Tri-Rad Folding Trike 2
B00KDJC5UQ Komodo Cycling 24, 6-speed Adult Tricycle 2
B00G3N5MZ6 Torker 24 x 20 TriStar 2.1 Adult Trike 3 Speed 1

Table 2: Detailed information about
the analyzed Amazon products

Overall, over 670 reviews were extracted, being the Schwinn model
the product with most of the reviews. Obtaining this information
required a great deal of time, since Amazon does not like to have its
web-page scraped, and the access gets banned, so a delay has to be
introduced. This sleep delay starts with 5 seconds and increases over
time, making really tedious to get the review data.

An alternative to this method would have been to use an already
existing dataset. This option was studied, but it was not able to find
any of the scoped products on the dataset, due to the available period
of data (up to July 2014).

Having extracted the data, different approaches were implemented
in parallel to understand the overall opinion of the users. In this
way, it has to be pointed out that the review comments were pre-
dominantly too brief and that hardly expressed valuable ideas or
details about the product. The majority of the users just valued the
product from a very general perspective. Even with more than 670
reviews, the quality of the reviews could mislead the data analysis.

In the next section three analysis are explained, with their corre-
sponding scripts included in the Appendices. I would encourage
the reader to review the scripts after the following section, since the
scripts include much more information and details while here brief
explanations and the main conclusions are going to be explained.

Sentiment Prediction Analysis

Figure 9: Reviews Rating Histogram

The purpose of this analysis was to investigate the positive and neg-
ative attitudes towards the selected products. Sentiment analysis at-
tempts to determine which features of text are indicative of it’s con-
text (positive, negative, objective, subjective, etc.) and build systems
to take advantage of these features.
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Generally speaking, a satisfied customer will give 5 stars to the prod-
uct, whereas few users will give poor evaluations (only if something
really bad happened). This behavior is visualized in Figure 9, where
the 5-star evaluation prevails.

This skewed distribution makes difficult to do a sentiment analysis
based on the star-evaluation of the user. That is why the focus was
not on the Score, but only in the positive/negative sentiment of the
recommendation. Out of this analysis, the most positive and negative
words are obtained:

Figure 10: Top 10 positive & negative
expressions and their scoreOn the positive side, not much can be concluded, due to the lack on

details. Customers that like the trike simply say it is a great prod-
uct ("Four Stars","Great,"Love"), without saying why. This is totally
opposite to the negative side, where much clear expressions appear.

Most Positive
Four Stars

Trike
Great

Tricycle
Love

Love the Bike
Great Bike

Most Negative
Three

Missing Part
Meh

Dangerous
Frustration

Beware
Shenanigans

Table 3: Selected relevant positive and
negative expressions extracted from
the sentiment analysis

The main worries of the users are the missing parts from the trike
and the danger or riskiness of the trike. The feelings of the user to-
wards the product are summarized in "Meh" and "Frustration", both
probably related to the assembly of the product. It also seems that
the trike is dangerous to ride and that users should be aware of pos-
sible falls. For this project interest, one of these products weaknesses
is starting to show up.

More information and the implementation of this program can be
found in the Predicting Sentiment script on the Appendices.
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Topic Modeling - LDA

Another way of analyzing the user data is to follow the topic model-
ing approach. By taking inferred topics and analyzing the sentiment
of their corresponding documents (reviews) what customers are say-
ing (or feeling) can be found. Examples from other authors10,11,12,13.

10 Aashutosh Bhatt, Ankit Patel, Harsh
Chheda, and Kiran Gawande. Amazon
review classification and sentiment
analysis. International Journal of
Computer Science and Information
Technologies, 6(6):5107–5110, 2015.
Available at http://citeseerx.ist.
psu.edu/viewdoc/download?doi=10.1.

1.736.4819&rep=rep1&type=pdf

11 Abhijit Chakankar, Sanjukta Pal
Mathur, and Krishna Venu-
turimilli. Sentiment analysis
of usersâĂŹ reviews and com-
ments. Available at https:
//pdfs.semanticscholar.org/ab8f/

62c23b116ab51224e743f4c45871f8bbe995.

pdf

12 Subhabrata Mukherjee and Push-
pak Bhattacharyya. Feature Specific
Sentiment Analysis for Product Reviews,
pages 475–487. Springer Berlin Hei-
delberg, Berlin, Heidelberg, 2012.
Available at http://dx.doi.org/10.
1007/978-3-642-28604-9_39

13 Callen Rain. Sentiment analysis in
amazon reviews using probabilistic
machine learning. Swarthmore
College, 2013. Available at https:
//pdfs.semanticscholar.org/f0af/

e9ea9d286248336ee9dc4e954aecde3475bb.

pdf

Latent Dirichlet Allocation (LDA) is the technique used to extract
topics from Amazon reviews. It is assumed that there is some num-
ber of topics (manually chosen, 10 topics in this case), each topic
having associated probability distribution over words and each doc-
ument has its own probability distribution over topics.

First, it scopes out a bunch of different documents, making note of
the words in each of them. Crucially, it does not know the topics of
each document, neither the different topics of each word.

Therefore, it picks some number of topics to learn, and starts by
making a guess as to why each word belongs to each document. Of
course, the random guesses are very likely to be incorrect, but there
is a way to improve them, known as Gibbs sampling:

– Go through each word w in document d
– For each topic k, computes two things:

* p(k|d) = the proportion of words in document d that are
currently assigned to topic k

* p(w|k) = the proportion of assignments to topic k over all
documents that come from this word w.

– Reassign word w a new topic, where we choose topic k with
probability p(k|d) * p(w|k). According to the generative model,
this is essentially the probability that topic k generated word w.

Specific Notation:

βK Topics

θd Topic proportions for document d

zd,n Topic assignment for word n in
document d

wd Observed words from document d

η, α, Dirichlet parameters

Finally it takes into account the distribution of each topic in each
document (with the parameters α and η, leading to:

p(β, θ, z, w) =
K

∏
i=1

p(βi)
D

∏
d=1

p(θd)
N

∏
n=1

p(zd,n|θd)p(wd,n|β1:K, zd,n)

Figure 11: LDA graphical model.
Boxes represent replicates. Outer box
D are documents, while inner box
Nd represents the repeated choice of
words within the document



11

Summing up, Gibbs sampling14 basically takes some initial values
14 Julian John McAuley. Cse 190
data mining and predictive analytics.
lecture 13, sliden63. In Proceedings
of the 22nd international conference
on World Wide Web. UCSD, 2015.
Available at http://cseweb.ucsd.edu/
~jmcauley/cse190/slides/week8/

lecture13.pdf

of parameters and iteratively replaces those values conditioned on
its neighbors (Figure 11). Every word in all the text reviews is as-
signed a topic at random, iterating through each word, weights are
constructed for each topic that depend on the current distribution of
words and topics in the document, and we iterate through this entire
process until it reaches a convergence.

All the reviews were converted to a bag of words and stop words
removed. After the training of the model, a query was made passing
a selected string to the model: "issues".

Figure 12: Results from the query to
the LDA model: words from the most
and less related topicsThe most related topic (0.66 correlation) talks about assembly is-

sues, with words like "took", "time", "little", "fun", "husband", "tex-
tit(wife)", whereas the less related topic (0.03 correlation) contains
("make", "thank", "easy", "shop", "bak"), which has little to do with any
issues or problems. In fact, it seems this topic has not a clear mean-
ing behind. Fortunately, both topics do no share words, leading to
the conclusion that these topics are far apart, and that are related to
different aspects of the products.

As a conclusion to this analysis, the assembly of the bike (that comes
in parts) supposes main problem to the users, an issue that will be
out of the scope of this project.

Overall, the results are not clear enough to to make an inference
about their cause or origin. As the reader can notice, this analy-
sis was not that successful, because the results could be interpreted
in various different ways. Having only unigrams does not help to
the interpretation of the results. That is why another way was ap-
proached, by means of keyword extraction and the wordcloud cre-
ation.

More information and the implementation of this program can be
found in the Topic Modeling script on the Appendices.
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Wordcloud Creation

The Rapid Automatic Keyword Extraction (RAKE)15 algorithm was
15 Stuart Rose, Dave Engel, Nick
Cramer, and Wendy Cowley. Automatic
Keyword Extraction from Individual
Documents. John Wiley Sons, Ltd,
2010. Available at http://dx.doi.org/
10.1002/9780470689646.ch1

implemented to easily extract keywords from the reviews, by iden-
tifying runs of non-stopwords and then scoring these phrases across
the document. It requires no training, the only input is a list of stop
words for a given language, and a tokenizer that splits the text into
sentences and sentences into words.

A typical keyword extraction algorithm has three main components:

1. Candidate selection: extract all possible words, phrases, terms or
concepts that can potentially be keywords.

2. Properties calculation: For each candidate, calculate properties
that indicate that it may be a keyword.

3. Scoring and selecting keywords: All candidates can be scored by
either combining the properties into a formula, or using a machine
learning technique to determine probability of a candidate being a
keyword. A score or probability threshold, or a limit on the num-
ber of keywords is then used to select the final set of keywords.

Finally, parameters such as the minimum frequency of a candidate,
its minimum and maximum length in the words, or the stemmer
used to normalize the candidates help tweak the algorithm’s perfor-
mance to a specific dataset.

Figure 13: Unformated wordcloud of
extracted keywords

In the Figure 13 there is the first version of the extracted wordcloud,
without any format, and Figure 14 is the result after the formatting.
The shape of the wordcloud was taken from one of the Amazon
products, to simulate the form of a tricycle. More information and
the implementation of this program can be found in the Wordcloud
Creation script on the Appendices.

From the wordcloud there were positive terms, as "great bike", "front
fender", "fairly easy","highly recommend". Focusing on the negative fea-
tures, some interesting terms appeared: "missing parts", "rear fenders",
"bike shop","balance issues". Out of curiosity, these trikes do not have
rear fenders but do have one in the front, leading to the users com-
plains.

As a mechanical engineer, the term "balance issues" was the one that
attracted my attention. How can a three wheeler bike have balance
issues? It is in fact intrinsically more stable than a bike, for sure.
However, searching manually through some reviews, I noticed that
the origin of this term was in some people complaining about falling
when taking a curve, or one of the rear wheels lifting the ground.
All these experiences made the users feel insecure when riding the
trike. What could be done to avoid this problem?
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Figure 14: Formated wordcloud of
extracted keywords

Narrow Track Vehicles

Balance or stability issues only appear when the user goes into a
curve, otherwise the three wheels always support the trike in sta-
ble position. Let us analyze these type of vehicles in terms of the
stability.

The PEV can be classified as a narrow track vehicle and, as it operates
in normal driving conditions, it needs to be relatively tall to assure
visibility. In Figure 15 the bounding box dimensions are represented.
A tall narrow vehicle is characterized by a high centre of gravity to
track width ratio, which makes vehicle roll stability an issue16,17.

16 Saeedi, Kazemi, and AWT TAG. Sta-
bility of three-wheeled vehicles with
and without control system. Interna-
tional Journal of Automotive Engineering,
3, 2013. Available at http://www.iust.
ac.ir/ijae/article-1-180-en.html

17 Andrea Festini, Andrea Tonoli, and
Enrico Zenerino. Urban and extra urban
vehicles: re-thinking the vehicle design.
INTECH Open Access Publisher, 2011.
Available at https://www.intechopen.
com/books/howtoreference/

new-trends-and-developments-in-automotive-system-

urban-and-extra-urban-vehicles-re-thinking-the-vehicle-

When the track width of a vehicle is narrowed, there is an increasing
in the the ratio of the center of gravity height with respect to the track
width. This particular geometric property poses stability problems
for these types of vehicles while cornering. Hence, such a narrow
vehicle needs to be equipped with an inherent tilting mechanism that
enables the vehicle to tilt into turns while cornering18.

18 Stephen Nurse, Mark Richardson,
and Robbie Napper. Tilting human
powered trikes: Principles, designs and
new developments. In Australasian
Transport Research Forum (ATRF),
37th, 2015, Sydney, New South Wales,
Australia, 2015. Available at http:
//atrf.info/papers/2015/index.aspx

The added tilt degree of freedom should not require any stabilizing
input from the driver. This brings about the need for an active con-
trol system that ensures the tilt stability (appropriate leaning during
cornering) without affecting the handling of the vehicle.

Therefore, if such a vehicle is to negotiate curves through out its
operating speed range, it needs to have a capacity to tilt into the
curve like most two-wheeled vehicles. Consequently, an inherent
tilting capability is required.
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Figure 15: PEV bounding box dimen-
sions

This tilting mechanism should not require any special skills from
the driver. The driver should be able to drive about as he/she would
a regular four-wheeled vehicle. This, in turn, brings about a need for
an active tilt control system that controls the tilting mechanism and
ensures the stability of the vehicle and safety of the driver.

Stability

hg Height of the center of gravity

b Wheelbase width

Rl , Rr Left and right wheel reactions

Fy Lateral force

Tr Moment due to the reactions Rl , Rr

Tf Moment due to lateral force Fy

m Mass of the vehicle

g Earth gravity acceleration

Narrow vehicles that do not lean are unstable when they corner too
hard. A simple statics calculation can illustrate this fact (Figure 16).

As the vehicle accelerates, for example, in a turn to the right, due
to increasing lateral force Fy, the reaction in the right wheel Rr ap-
proaches zero while the reaction in the left one Rl approaches the
weight force mg.

At the balance limit,

Tr =
bmg

2
and

Tf = 2hFy

Overturning occurs if Tr < Tf , or similarly, the wheelbase is limited
to

b <
4hFy

mg

By introducing tilt control, the center of gravity is shifted so that Rr

never reduces to zero.

Figure 16: Force schematic in a right
turn scenario



15

Research Objectives

Figure 17: Simple first sketches of a
tilting PEV

This project is going to consist on the design and fabrication of a
three wheeler vehicle with an active tilting system. The aim of the
work presented here is summarized as follows:

– The main objective was to design and fabricate a three-wheeled tilt-
ing vehicle and to implement a roll control system. In this way, due
to the size, weight and cost limitations of a lightweight vehicle
like PEV, it was critical to constrain the size of the motors and
the feasible mechanical components.

– The first aim was to review the current developments in vehicle
modeling, roll control and tire modeling. Understanding the
previous work in this field is fundamental to know the limita-
tions and problems of the applied techniques.

– The second aim was to implement and investigate models and
methods to quantify uncertainties in the vehicle system such as
the kinematics and environmental factors. These factors had a
direct effect on the experimental results of road tests as well as
the vehicle modeling and simulation.

– The final aim was to set up an experimental test program to
further the understanding of the dynamic model and the con-
trol of the three-wheeled tilting vehicle and to obtain data for
the validation of the vehicle model.
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Thesis Structure

This thesis consists of eight chapters and the following section out-
lines the structure of the chapters.

– Chapter 2 reviews the literature relevant to all the aspects of
this thesis: vehicle and roll dynamics modelling, roll control meth-
ods, driver modelling and tyre modelling. The literature is critically
discussed and a number of roll control methods, bicycle control
strategies and rider models have been replicated. This chapter
illustrates the status quo in the various research fields, high-
lights the gaps in the current knowledge.

– In chapter 3 a linear vehicle model is presented along with the
proposed control method. It covers from the dynamic vehi-
cle model to the calculations and simulations to test theoreti-
cally the control system. In order to improve the dynamic per-
formance of the vehicle, linear optimal control theory was used,
and some design parameters for the control algorithm are pre-
sented.

– Chapter 4 explains the development of an small scale prototype
of a tilting three wheeler vehicle. The components and design
process are also documented in this section.

– Chapter 5 presents the developed simulations to design the front
suspension and describes the fabrication process to build a real
scale tilting trike. The selected components and the electronic
schematic is also exhaustively explained.

– Chapter 6 describes the application of the control strategy to
the designed vehicle, as well as the experimental set up and the
results from the carried out tests.

– Chapter 7 summarizes the materials, machining and labor cost to
carry out the project.

– Finally, chapter 8 concludes the thesis and presents a number of
thoughts on future work.



2. Background

The aim of this chapter is to critically review the literature relevant
to the study of tilting three wheelers and their control strategies.

Active and Passive Tilting

The dynamics of a tilting PEV are quite different from a conventional
car. Indeed, due to the narrow track of these type of vehicles, and
according to the position of their center of gravity, their dynamics
on turning may be closer to the dynamics of two-wheeler vehicles
such as motorcycles.

Figure 18: Passive tilting system from
Tilting Motor Works

Figure 19: Active tilting system from
the Toyota i-ROAD concept car

Thus, some of these vehicles have to tilt when turning to compensate
for the effect of lateral acceleration and remain in balance. In the case
of a motorcycle, it is the driver who causes the lateral movement of
the motorcycle (passive tilting), whereas for heavy and bulky vehi-
cles, the inclination must be automatic (active tilting).

The main drawback with a passive tilting system is the necessity
of a locking mechanism to avoid the leaning of the vehicle when
standing. On the contrary, an active system does not need a locking
mechanism, since is an actuated mechanism. In addition, the ability
to control the leaning can facilitate users to get on the vehicle by
leaning to one side and returning to the vertical position to start the
ride.

Theferore, this problem of stability in the curves is a major tech-
nological challenge for these narrow vehicles. Some manufacturers
have solved the difficulty by lowering the center of gravity of the ve-
hicle to a minimum (see Tango19 or Twizy20), for example by placing

19 Commuter Cars. Tango - lowest
center of gravity of any car. http:

//www.commutercars.com/

20 Renault. Twizy - compact electric
vehicle. https://www.renault.co.uk/
vehicles/new-vehicles/twizy.html

the batteries very low if it is an electric vehicle.

In the case of narrow active tilting vehicles, different actuating and
control strategies have been studied in the industry, which are pre-
sented below (DTC, STC or SDTC).
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Narrow Three-Wheeled Vehicles

In this section narrow tilting vehicles with three wheels are pre-
sented. In order to easily identify the different types, the following
notation is adopted: [ nF, tT, pP, S ] with n the number of front
wheels, t the number of tilting wheels, p the number of passengers
and S the maximum speed in Km/h.

– GM Lean Machine21 (1F, 1T, 1P, 125) was developed by Frank
21 General Motors. Lean machine.
http://www.carstyling.ru/en/car/

1982_gm_lean_machine/

Winchell of General Motors in the early 1980’s. The lateral sta-
bility of the vehicle had to be ensured by the driver, through a
pedal that controlled the tilt.

– Mercedes Life Jet F30022 (2F, 3T, 2P, 210) was introduced in
22 Mercedes Benz. Life jet f300. http:

//www.evo.co.uk/mercedes/18241/

concept-cars-the-mercedes-benz-f300-life-jet

1997 by Mercedes-Benz at the Frankfurt Motor Show. The tilt
was automated through hydraulic actuators.

– CLEVER23 (1F, 1T, 2P, 80), was developed at the University of
23 University of Bath and BMW. Clever.
http://www.bmwblog.com/2009/10/09/

bmw-unveils-clever-concept/

Bath (UK) in collaboration with BMW. The inclination of the
front module of the vehicle is possible thanks to the hydraulic
actuators linking the cab to the non-tilting rear part. The first
prototypes were built in 2006, but the transient behavior of this
vehicle did not always guarantee lateral stability.

– Carver One24 (1F, 1T, 2P, 185), a three-wheel tilting vehicle,
24 Vehicle Class, C. R. Van Den Brink,
and H. M. Kroonen. AVEC ’04 DVC
- The banking technology driving the
CARVER, 2004. Available at http:
//www.carver-technology.com/PDF/

brink_AVEC_2004.pdf

born from a first aerodynamic concept. The Carver One is
equipped with an automotive power unit and therefore with
a wide non-tilting rear axle. The dynamics of the vehicle are
based on the patented ’Dynamic Vehicle Control’ technology,
which is said to ensure vehicle stability by tilting the vehicle.

– Piaggio MP3 Hybrid 300IE25 (2F, 3T, 1P, 145), is a three-wheeled
25 Piaggio. Mp3 hybrid 300ie. http:

//www.piaggio.com/mp3/en_EN/

models/hybrid/hybrid-300IE/

scooter with a parallel "hybrid" propulsion, based on a 125 cc
engine and a 3.4 hp electric motor. Like a traditional scooter,
this vehicle is tilted directly by the driver.

Paying attention to more lightweight vehicles (bike-like):

– Veleon26 (2F, 3T, 1P, 25) both cargo and driver lean into the
26 Adomeit Group GmbH. Veleon.
http://www.veleon.de/eng/veleon.

htm#vielfalt

curve, helping to whoosh cars and other obstacles, including
tight corners at high speed. The mode can be deactivated by
pressing a button and the bicycle stays in vertical position.

– Trego27 (2F, 3T, 1P, 25) is a successful fusion of a cargo bike and
27 Trego. http://trego-trolley.com/a folding bike, a modular separable tricycle. Combines a rear

wheel to two front wheels, that are connected by an L structure,
being extremely useful for transporting bulky items.
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– Kaylad-e28 (2F, 3T, 1P, 25) is a tilting trike concept with a 250-W
28 Dimitris-Niavis. Kaylad-
e. http://newatlas.com/

kaylad-2-electric-tricycle/23049/

electric motor and a lithium battery. The concept also includes
a secure luggage holder or and optional heavy-duty container
that can be mounted on the front of the bicycle.

– Carqon29 (2F, 3T, 1P, 30) has a patented carving mechanism un-
29 Protanium. Carqon. http://www.

carqon.com/
derneath the frame and is equipped with a high torque motor
for maximum torque and performance. It is similar to riding a
normal bicycle where the driver uses his/her body to control
the steering more than actually the turning of the handlebar.

Figure 20: Tilting Vehicles

a) GM Lean Machine b) Mercedes Life Jet F300 c) CLEVER

d) Carver One e) Piaggio MP3 Hybrid 300IE f) Veleon

g) Trego h) Kaylad-e i) Carqon
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Tilt-Actuating Architectures

Direct Tilt Control (DTC)

The inclination is achieved by means of actuators mounted directly
on the longitudinal axis of the vehicle, providing a torque (Mt) to tilt
the whole vehicle or some parts of it. It is the most used system on
narrow tilting vehicles and the simplest active system to implement.

Figure 21: DTC system schematic

In a turn, the lateral acceleration is proportional to the longitudinal
velocity, as is demonstrated in the next chapter. Therefore, for the
same steering angle, the lateral acceleration is higher at high speed.
As a result, the torque Mt required is greater at high speed since it
must ensure the desired inclination in the opposite direction to that
of the lateral acceleration.

It is at high speed that there is a greater risk of saturation of the ac-
tuator. It should be noted that if the DTC system only acts from the
measurement of the measured acceleration, this may cause an un-
pleasant feeling in the passengers. When driving a motorcycle, the
rider tilts the vehicle simultaneously with the taking of the turn, so
that the perceived acceleration remains virtually zero, even in tran-
sient situations.

Steering Tilt Control (STC)

These systems control the steering angle of the wheels. The steering
angle (δdriv) applied by the driver is modulated by the STC system
(δc) to control the tilt angle using countersteering. This strategy is
inspired by the action of a bicycle or motorcycle rider, but is seldom
used by manufacturers, since it is based on a steer-by-wire system,
which is still prohibited to commercialize for safety standards rea-
sons.

Figure 22: STC system schematic

STC systems are not well suited for low longitudinal speeds, de-
manding a large counter-steering to tilt the vehicle, which deviates it
significantly from its trajectory. In contrast, the STC system is more
efficient than the DTC at high speed, as a large torque is required by
the DTC (due to the delay in the DTC tilting torque).
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Comparison between DTC and STC

Let us compare both tilting systems by looking to the forces actuating
in each case. The vehicle is traveling in an straight line at a constant
velocity V, when a right turn comes.

– DTC: the driver will turn the steering wheel to the right (Figure
23), producing a lateral acceleration in the inner direction of the
curve( do not confuse it with the inertial force which pushes the
vehicle outwards the curve). Due to the possibility of tilting,
the vehicle will tend to lean to the left, but in this moment the
DTC torque Mt will correctly lean it to the right. In this simple
case it is clear the delay between the lateral acceleration and the
torque Mt.

Figure 23: Direct Tilt Control
a) Steering input from the driver
b) DTC force diagram in a right turn
c) DTC tilting torque input

– STC: the STC steer-by-wire system will slightly turn the steer-
ing wheel to the left (Figure 24), producing a lateral acceleration
in the outer direction of the curve. Due to the possibility of tilt-
ing, the vehicle will correctly lean to the right. By using the
countersteering, the vehicle easyly leans to the appropiate side,
but the desired path of the user is not perfectly followed.

Figure 24: Steering Tilt Control:
a) Steering input from the actuator
b) STC force diagram in a right turn
c) STC tilts automatically in a right
turn
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In order to give an overall view, the table 4 summarizes the charac-
teristics of the two systems DTC and STC.

DTC STC
Lean by Roll actuator Countersteering
Stability Always stable Unstable at low speeds
High Speed Deal with high lateral acceleration Small adjustments
Low Speed Good behaviour at low speeds: Mt ⇑ Large and frecuent steer inputs δc ⇑

Table 4: DTC vs STC comparison table

SDTC hybrid solution

To take advantage of both strategies and their complementary effi-
ciencies according to speed, recent work has focused on the so-called
SDTC hybrid solution for vehicles with both a tilt actuator and a
steer-by-wire system. The first solutions are monovariable, meaning
that a single control input is active at a time, with switching from
one system to the other as a function of the speed.

The STC systems are generally implemented from a threshold speed
of approximately V = 40Km/h while the DTC systems are active be-
low that speed. Switching from one system to another by switching
is complicated due to the fact that the control signals act as antago-
nist in transient phases30,31.

30 Sang-Gyun So and Dean Karnoop.
Active dual mode tilt control for
narrow ground vehicles. Vehicle System
Dynamics, 27(1):19–36, 1997. Available
at http://dx.doi.org/10.1080/
00423119708969321

31 Robin Hibbard and Dean Karnopp.
Twenty first century transportation
system solutions-a new type of small,
relatively tall and narrow active
tilting commuter vehicle. Vehicle
system dynamics, 25(5):321–347, 1996.
Available at http://dx.doi.org/10.
1080/00423119608968970

– In transient, the STC system causes a counter-steering, and the
created lateral acceleration created serves for the inclination of
the vehicle. Switching from STC to DTC, the DTC command
will seek to tilt the vehicle in the opposite direction to the per-
ceived lateral acceleration, hence in the wrong direction. The
two control signals are conflicting or antagonistic in this case.

– Switching from DTC to STC, the control signals are not con-
flicting, but the tilt torque DTC Mt abruptly cancels out as the
vehicle starts to tilt. This interruption creates a discontinuity
and peaks in the signals.
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Vehicle Model

Modeling is a key step in the study and control of systems. De-
pending on the use to be made (embedded model, design model,
simulation model...), different levels of complexity can be envisaged.

Models Used in the Literature

The study and development of narrow vehicles only began recently,
due to the congestion problems of road traffic and the increase in
pollution. The problem of narrow and tilting vehicles is therefore
recent, and few research teams have worked on this subject. The
narrow tilting vehicle models will be reviewed in this section, ex-
plaining their advantages and limitations.

Researchers at California University were among the first to take
an interest in this matter. In Hibbard R. et al., (1996)32 and So S. et

32 Robin Hibbard and Dean Karnopp.
Twenty first century transportation
system solutions-a new type of small,
relatively tall and narrow active
tilting commuter vehicle. Vehicle
system dynamics, 25(5):321–347, 1996.
Available at http://dx.doi.org/10.
1080/00423119608968970

al., (1997a)33, the authors consider only the dynamics of the angle of

33 Sang-Gyun So and Dean Karnoop.
Active dual mode tilt control for
narrow ground vehicles. Vehicle System
Dynamics, 27(1):19–36, 1997. Available
at http://dx.doi.org/10.1080/
00423119708969321inclination θ, and the model used for the simulation was reduced to

the transfer function between the input Mt and θ.

A more detailed linearized simulation model at small angles, with
longitudinal dynamics, was used in later work (So S. et al., 1997b)34.

34 Sang-Gyun So and Dean Karnopp.
Switching strategies for narrow ground
vehicles with dual mode automatic tilt
control. International Journal of Vehicle
Design, 18(5):518–532, 1997. Url:http:
//www.inderscienceonline.com/doi/

abs/10.1504/IJVD.1997.062071
In the UK, at the University of Bath, the researchers worked on the
CLEVER project. In his thesis35, J. Berote focused on the vehicle mod- 35 Johan J H Berote. Dynamics and

control of a tilting three wheeled
vehicle. Available at http://opus.
bath.ac.uk/24680/, 2010

eling, developing a 5 degree of freedom (dof) multi-body model, that
included dynamics of hydraulic actuators, which was then incorpo-
rated into the SimMechanics software to obtain a validation model.

Previously, they used a PID controller (J. Berote et al., 2008)36, that

36 Johan Berote, Auguste Van Poelgeest,
Jocelyn Darling, Kevin A Edge, and
Andrew Plummer. The dynamics of
a three-wheeled narrow-track tilting
vehicle. In FISITA World Automotive
Congress 2008, September 2008. Paper
number: F2008-SC-032. Available at
http://opus.bath.ac.uk/15090/

did not require any model. For such a purpose, the authors consid-
ered approximate relations between the steering angle and the lateral
acceleration, and between the steering angle and the angle of incli-
nation.

Figure 25: Literature model: Inverted
pendulum simple model for tilting
vehicles
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At the University of Minneapolis in Minnesota, a prototype recliner
was built, and several advances were made. In the article R. Raja-
mani et al., (2003)37 the authors focus on modeling the vehicle. They

37 R. Rajamani, J. Gohl, L. Alexander,
and P. Starr. Dynamics of narrow
tilting vehicles. Mathematical and
Computer Modelling of Dynamical
Systems, 9(2):209–231, 2003. Available
at http://www.tandfonline.com/doi/
abs/10.1076/mcmd.9.2.209.16521

neglect the longitudinal dynamics, but take into account the gyro-
scopic moments of the wheels and the tilting moment.

Their synthesis model for the design of the control law, also used for
simulation, was later simplified and a linearized model of equation
(Piyabongkran D. et al. 200438, Kidane S. et al., 201039, Kidane S. et

38 D Piyabongkarn, T Keviczky, and
R Rajamani. Active direct tilt control
for stability enhancement of a narrow
commuter vehicle. International
Journal of Automotive Technology,
5(2):77–88, 2004. Available at https:
//pdfs.semanticscholar.org/b079/

59e2ab35f552f1b06209af731e148e32a0ec.

pdf

39 S. Kidane, R. Rajamani, L. Alexander,
P. J. Starr, and M. Donath. Develop-
ment and experimental evaluation
of a tilt stability control system for
narrow commuter vehicles. IEEE Trans-
actions on Control Systems Technology,
18(6):1266–1279, Nov 2010. Available
at http://ieeexplore.ieee.org/
document/5356230/

al., 200840).

40 S. Kidane, L. Alexander, R. Raja-
mani, P. Starr, and M. Donath. A
fundamental investigation of tilt con-
trol systems for narrow commuter
vehicles. Vehicle System Dynamics,
46(4):295–322, 2008. Available at
http://www.tandfonline.com/doi/

abs/10.1080/00423110701352987

Bicycle Model

The lateral control of the tilting vehicles is the object of this study.
The so-called bicycle model has been chosen to be considered as a
conceptual model which aggregates the 2 front wheels in one wheel,
and only one rear wheel. Wheel torques are also simplified. They
are implicitly replaced by the steering angle.

This model has been built from the 4 dof model presented in the
article of R. Rajamani et al., (2003)19, which considers the longitudinal
speed as a parameter of the model and not as a state variable.

The model obtained takes into account the longitudinal dynamics
relating to the speed, as well as the lateral dynamics including the
inclination. Figures 26 and 27 respectively show the views in the
horizontal (XY) and vertical (YZ) planes of the vehicle.

The quantities and notations used below are defined in the ’Nota-
tions’ section at the beginning of the thesis. Let us define the follow-
ing coordinate systems:

1. The absolute coordinate system R=(X, Y, Z) fixed to the ground,
the axes X and Y are on the ground while the Z is the vertical axis.

2. The vehicle coordinate system r=(x, y, z) is linked to the vehicle.
Its origin is the point G (center of gravity), the axis x is parallel to
the longitudinal axis of the vehicle, the axis z is parallel to the axis
Z and the axis y is such that the planes xy and XY are parallel.

3. The coordinate system r�=(x�, y�, z�) is linked to the frame and tilts
with it. It coincides with the reference mark (x, y, z) when the
vehicle is in vertical position. Its axes y� and z� are inclined by an
angle θ equal to the angle of inclination of the vehicle.
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Figure 26: Bicycle model: View of the
plane XYThe vehicle has 3 degrees of freedom (listed below) and takes into

account the effects of trail, slip angles and gyroscopic effects.

y Lateral position with respect to road reference
ψ Yaw angle
θ Tilt angle

Model Equations

The equations of the model implemented in this thesis have been
derived using one principle:

– The fundamental principle of dynamics in translation and ro-
tation, also called Newton’s laws, which require knowledge of
the mechanical connections of all internal and external forces
acting on the vehicle, and their points of application:

∑
i

F = ma, ∑
j

M = Iθ̈

Where F represents the external forces applied to the body, i
the number of these forces, m its mass and a its acceleration.
M the external moments applied to the body, j the number of
these moments, I its inertia, and θ̈ its angular acceleration.



26

Figure 27: Bicycle model: View of the
plane YZ

Applying Newton’s principle to the presented bicycle model:

∑
i

�F = m�a y) Ry = m ay (1)

z) Rz − mg = m az (2)

∑
j

�M = I�̈θ x) Ix θ̈ = Rz h sin θ − Ry h cos θ (3)

z) Izψ̈ = Ff L f − Fr Lr (4)

The absolute acceleration (in the inertial reference frame R) of a mov-
ing body can be decoupled in two terms if a non-inertial frame of
reference r is attached to the body.

Hence, the accelerations ay and az can be obtained from the acceler-
ation of the point D (in contact with the ground), plus the relative
accelerations of the center of gravity G with respect to the point D:

ay = aD,y + aG/D,y (5)

az = aD,z + aG/D,z (6)

The center of gravity G describes a circular arc of center D at speed
vG = hθ̇ with D̄G = h. The accelerations experienced at G are the
tangential acceleration dvG

dt = hθ̈ along the axis y�, and the normal
acceleration −hθ̇2 along the axis z�. By projecting these equations on
the axes of the reference r=(x, y, z):

aD,y = ÿ + Vψ̇

aD,z = 0

Figure 28: Circular path velocity and
lateral acceleration
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If D is taken into account as a fixed point, the relative motion can be
considered:

vG = vD + �w ∧ �DG = 0 + θ̇ h(cos θ�j − sin θ�k)

aG = aD +�α∧ �DG−w2 �DG = 0+ θ̈h(cos θ�j− sin θ�k)− θ2h(sin θ�j− cos θ�k)

aG/D,y = θ̈h cos θ − θ2h sin θ

aG/D,z = −θ̈h sin θ − θ2h cos θ

Having studied the relative motion, the absolute accelerations are
expressed as:

ay = aD,y + aG/D,y = ÿ + Vψ̇ + θ̈h cos θ − θ2h sin θ (7)

az = aD,z + aG/D,z = −θ̈h sin θ − θ2h cos θ (8)

Therefore, replacing these expressions into equations (1), (2) and (3):

Ry = m ay = m(ÿ + Vψ̇ + θ̈h cos θ − θ2h sin θ)

Rz = m (az + g) = m(−θ̈h sin θ − θ2h cos θ + g)

Ix θ̈ = mh(−θ̈h sin2 θ − θ2h sin θ cos θ + g sin θ − ÿ cos θ −Vψ̇ cos θ − θ̈h cos2 θ + θ2h sin θ cos θ)

The last equation represents the roll motion, and since it is going to
be actuated by the motor, the tilting torque Mt has been included.

Ix θ̈ = mh(−θ̈h + g sin θ − ÿ cos θ − Vψ̇ cos θ)+Mt

To get equation (4), the moment equilibrium is calculated in the c.g.
Figure 29 illustrates the vehicle from the top view, with the lateral
tire forces Ff and Fr.

Izψ̈ = Ff L f − Fr Lr (9) Figure 29: Lateral tire forces and yaw
dynamics

The lateral force exerted on a wheel is expressed as F = Cα + λθ,
where C is the coefficient of stiffness and λθ is due to the camber.
Using the equality α = δ − tan−1

�
Vy/Vx

�
, at the level of the front

wheels, the lateral tire forces are defined as follow for small slip
angles:

Ff = 2Cf

�
δ −

ẏ + L f ψ̇

V

�
+ 2λ f θ (10)

Fr = Cr

�
− ẏ − Lrψ̇

V

�
+ λrθ (11)

where Cf and Cr are the cornering stiffness of the front and rear tires,
and λ f and λr the camber stiffness of each wheel.
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Front Wheel Dynamics due to Trail

The axis of the wheel has so far been considered perpendicular to
the plane of the ground. This is not really the case in practice, since
the axis is generally slightly inclined as shown in Figure 30.

Figure 30: Inclined steering axis due to
the tilting

Figure 31: Vertical forces diagram

In absence of suspension dynamics, tilt dynamics and longitudinal
acceleration, the sum of the normal forces will equal the weight of the
vehicle. In addition, considering the similarity relation from Figure
31, the normal force acting on the front wheels Fz can be obtained:

Frz + Ff z

Lr + L f
=

Frz

Lr
=

Ff z

L f

Ff z + Frz = mg ⇒ Ff z = Fz = mg
Lr

Lr + L f
(12)

Thus, the reaction of the ground Fz, perpendicular to the plane of
the ground, will contribute with a moment equal to Fz sin θ to the
steering axis. Similarly, the lateral force also contributes a restoring
steering torque on the wheel (Figure 32):

Mtrail = Fzγ cos β sin θ − Ff cos θ(γ + γpneumatic) cos β (13)

Figure 32: Forces on front wheels
when the vehicle is tilted to the left

Please notice, that the lateral force Ff
is not located exactly in the contact
point with the ground, there exists a
distance γpneumatic.

Gyroscopic Moments

The dynamic equations of a rigid body with 3 rotational degrees of
freedom are derived from the Euler equations:

Inertial reference frame:

∑ �M =
d�H
dt

=
d(I�w)

dt

Non-inertial reference frame:

∑ �M =
� d(I�w)

dt

�
f ixed

+ �w ∧ (I�w)

x) ∑ �Mx = Ixx �̇wx − (Iyy − Izz) �wy �wz (14)

y) ∑ �My = Iyy �̇wy − (Izz − Ixx) �wx �wz (15)

z) ∑ �Mz = Izz �̇wz − (Ixx − Iyy) �wx �wy (16)
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The vehicle has two rotational degrees of freedom: yaw and roll
(pitch is neglected). In addition, each rotating wheel has three rota-
tional degrees of freedom, and Euler’s equations should be applied
to the rotating wheels.

Free body diagrams of the front wheels, rear wheel and vehicle body
are shown in Figure 35.

Figure 33: Free body diagram of front
wheels, rear wheels and body

- Front Wheels

Fy) 2 mw f
�
ÿ + Vψ̇ + h f θ̈ cos θ − h f θ̇2 sin θ + L f ψ̈

�
= Ff − R f (17)

Mz) 2 Iw f ,ψ(ψ̈ + δ̈ cos β) + 2(Iw f ,θ − Iw f ,rot)wrot(θ̇ − δ̇ sin β) =

Mf + Mδ cos β + Mtrail cos β (18)

- Rear Wheels

Fy) mwr
�
ÿ + Vψ̇ + hr θ̈ cos θ − hr θ̇2 sin θ − Lrψ̈

�
= Fr − Rr (19)

Mz) Iwr,ψψ̈ + (Iwr,θ − Iwr,rot)wrot θ̇ = Mr (20)

- Body

Fy) mo
�
ÿ + Vψ̇ + ho θ̈ cos θ − ho θ̇2 sin θ + lψ̈

�
= R f + Rr

Replacing R f and Rr from front and rear wheels equations (17) and
(19) onto the latter:

mo
�
ÿ + Vψ̇ + ho θ̈ cos θ − ho θ̇2 sin θ + lψ̈

�
=

Ff − 2 mw f
�
ÿ + Vψ̇ + h f θ̈ cos θ − h f θ̇2 sin θ + L f ψ̈

�
+

Fr − mwr
�
ÿ + Vψ̇ + hr θ̈ cos θ − hr θ̇2 sin θ − Lrψ̈

�

From the center of gravity property, some relations can be extracted:

– Longitudinal center of gravity:

2 mw f L f + mo l − mwr Lr = 0 ⇒ l =
mwr Lr − 2 mw f L f

mo

– Vertical center of gravity:

m h = mo ho + 2 mw f h f + mwr hr

Figure 34: Free body diagram of the
vehicle body

Using the relations derived above (from c.g) and simplifying:

m(ÿ + Vψ̇ + θ̈h cos θ − θ2h sin θ) = Ff + Fr (21)

Mz) Io ψ̈ = −Mf − Mδ cos β − Mr + (L f − l)R f − (Lr + l)Rr

= −Mδ cos β − 2 Iw f ,ψψ̈ − Iwr,ψψ̈ − (Iwr,θ − Iwr,rotwrot θ̇+

+ (L f − l)
�

Ff − 2 mw f
�
ÿ + Vψ̇ + h f θ̈ cos θ − h f θ̇2 sin θ + L f ψ̈

��
−

− (Lr + l)
�

Fr − mwr
�
ÿ + Vψ̇ + hr θ̈ cos θ − hr θ̇2 sin θ − Lrψ̈

��



30

By means of the relations derived above and simplifying, the yaw
dynamics equation is obtained:

Iz ψ̈ = −(Iwr,θ − Iwr,rot)wrot θ̇ − Mδ cos δ + L f Ff − LrLr (22)

Figure 35: Front wheels axes and
inertia notation

Thus the yaw dynamics have changed due to the gyroscopic terms
from the rear wheel and the steering torque from the front wheels.
The gyroscopic terms due to the front wheels do not appear directly
in the vehicle yaw dynamic equations. Following the same proce-
dure, the contribution to the tilt equations can be similarly derived.

– With gyroscopic moments:
Iz ψ̈ = −(Iwr,θ − Iwr,rot)wrot θ̇ − Mδ cos δ + L f Ff − LrLr

– Without gyroscopic moments: Iz ψ̈ = L f Ff − LrLr

Final Equations of Motion

mÿ + mVψ̇ + mhθ̈ cos θ − mhθ2 sin θ = Ff + Fr (23)

Iz ψ̈ = L f Ff − LrLr − (Iwr,θ − Iwr,rot)wrot θ̇ − Mδ cos δ (24)

Ix θ̈ = mgh sin θ − mh2θ̈ sin2 θ − mh2θ̇2 cos θ sin θ −
−Ff h cos θ − Frh cos θ + 2(Iw f ,ψ − Iw f ,rot)wrot(ψ̇ + δ̇ cos β) + Mt (25)

2 Iw f ,ψδ̈ = (Mδ + Mtrail) cos β − 2(Iw f ,θ − Iw f ,rot)wrot(θ̇ − δ̇ sin β) (26)

The part emphasized in red corresponds to the contribution of the
gyroscopic terms to the tilting, whereas the blue part is the torque
provided by the tilting motor.

Linearized Equations of Motion

The linearization is punctual, around the θ = 0 point. The longi-
tudinal velocity is assumed constant, (Vx = 8m/s), which is one of
the most constraining hypotheses, and the angle of inclination is as-
sumed to remain close to 0. To validate the use of this simplified
model (dynamic simplifications and linearization), several velocities
will be considered and the model will be linearized around several
values.

The linearized equations using small angle approximations:

mÿ + mVψ̇ + mhθ̈ = Ff + Fr (27)

Iz ψ̈ = L f Ff − LrLr − (Iwr,θ − Iwr,rot)wrot θ̇ − Mδ (28)

Ix θ̈ = mghθ − Ff h − Frh ++2(Iw f ,ψ − Iw f ,rot)wrot(ψ̇ + δ̇) + Mt (29)

2 Iw f ,ψδ̈ = Mδ + Mtrail − 2(Iw f ,θ − Iw f ,rot)wrot θ̇ (30)
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Simplifying Hypotheses

The major simplifying hypotheses which led to the production of
this bicycle model, which will serve as a support for the synthesis of
control laws, are listed below:

1. Only 3 degrees of freedom: the lateral position y, and the tilt and
yaw angles θ,ψ.

2. The longitudinal velocity Vx is considered as an exogenous signal
and not a system state variable. The model (2.22) is Linear Time-
Variant (LTV), Vx being a variant parameter.

3. The linearization is obtained around the angle of inclination θ = 0.

4. The vertical forces are assumed to be equal on both front wheels.

5. The stiffness (slip coefficient) Cf and the camber coefficient λ f are
assumed to be constant.

6. The effect of the suspensions is neglected

7. The wheels and the chassis are considered to be inclined to the
same angle, and the point of contact of the tires do not change
position during tilting.

8. The different mechanical parts moving within the vehicle, suspen-
sions, links between different mechanical parts are not modeled.

9. The vehicle is assimilated to a mass located at the center of gravity
which moves with the point of contact.

Literature Summary

To sum up, in this chapter the literature regarding tilting vehicles
has been reviewed. First, the difference between active and passive
systems was introduced, along with some examples of narrow three
wheeler vehicles available to this day. In the field of active tilting
systems, the distinction between the main control strategies was ex-
plained (DTC, STC and SDTC). Finally, using the literature, a dy-
namic model of the vehicle was derived.

The obtained linearized model is going to be the point of departure
in the next chapter, regarding the control strategy.





3. Control Strategy

The objective of this chapter is to present the control strategy used
in the PEV, based on the Direct Tilt Control (DTC). First, the lateral
stability of the vehicle is studied, in order to understand the differ-
ent strategies for lateral control. Then, the dynamic model is trans-
formed into an space state model, much more easy to work with in
control theory. Finally, the theory behind Linear Quadratic Regula-
tor (LQR) and the Regulator Problem with Internal Stability (RPIS)
is explained and the control gains are calculated.

Stability Study

Figure 36: Forces acting on the center
of gravity

Lateral Acceleration

The lateral acceleration alat denotes the normal acceleration induced
by the curvilinear motion of the vehicle, measured in the plane XY at
ground level at point D (Figure 36), and directed towards the center
of rotation of the trajectory.

alat = ÿ + Vxψ̇

Therefore, alat is a function of the yaw rate (and hence the steering
angle) and the longitudinal speed imposed by the driver. It is inde-
pendent of the vertical position (angle of inclination) of the chassis.

Perceived Lateral Acceleration

In the frame reference y�, z�, the acceleration at the point G decom-
poses into aper in the y� direction and into az in the z� direction. The
perceived lateral acceleration aper is the result of the accelerations at
the center of gravity of the vehicle along the y�.

aper = alat cos θ + hθ̈ − g sin θ (31)

The objective for the control of lateral stabilization of the vehicle and
the comfort of the driver will be to impose aper = 0. The vehicle is
in lateral equilibrium if the perceived lateral acceleration is zero, i.e.
aper = 0 (sufficient condition for lateral stability)41.

41 Lama Mourad. Active lateral ac-
celeration control of a narrow tilting
vehicle. Theses, Ecole des Mines de
Nantes, December 2012. Available
at https://tel.archives-ouvertes.
fr/tel-00787310/file/Mourad_L_12_

2012.pdf
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The fact that aper depends on alat and θ, implies that it depends on
the trajectory, on the longitudinal velocity, and on the angle of incli-
nation. However, the angle of inclination θ will be the key variable
to ensure stability. We define by θdes the desired position of θ which
ensures aper = 0.

Lateral Stability

Figure 37: Forces acting on the center
of gravity

In this section the dynamics of the vehicle are examined from the
expression of aper, in three distinct cases:

1. Vertical vehicle in straight path

In this case θ = 0 and alat = 0, therefore aper = 0 and the problem
of lateral stability does not arise, except for the cases of rejection
of lateral disturbance forces (i.e. side winds), or disturbances due
to an asymmetric pavement on the left and right wheels.

2. Vertical vehicle in circular trajectory

When the vehicle does not tilt (i.e θ = 0), then aper = alat (see
equation (31)). If the intersection of the resultant accelerations at
the center of gravity G with the plane of the ground (point xG) is
outside the base of the vehicle, then it will be unstable.

aG = alat�j − g�k

On the contrary, if the point xG recalls inside the width of the
vehicle, it will be stable. Then, the maximum lateral acceleration
tolerated without inclination before the overturn is:

alat−max =
gb
2h

(32)

3. Inclined vehicle in circular trajectory

When the vehicle is inclined at a certain angle θ, its center of grav-
ity has an offset, as well as the point xG. The vehicle is stable
as long as xG belongs to the segment b and is, therefore, located
between the two wheels of the vehicle. Let θn be the nominal in-
clination angle for which all accelerations in G are compensated,
so that is solution of aper = 0. The computation of θn can seem
complicated, but by considering the steady state (i.e. θ̈ = θ̇ = 0):
aper = alat cos θ − g sin θ. We then deduce the following expres-
sion:

θre f = θn = tan−1
� alat

g

�

This angle gives a resultant aG colinear with the axis z� of the
vehicle. Thus, the angle θn (solution of aper = 0) is an angle that
guarantees the lateral stability of the vehicle.
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Different strategies for lateral control

The objective is to control the inclination of the vehicle so as to ensure
its stability. In this way, the lateral stability of the vehicle and the
comfort of passengers go hand in hand. From the sufficient condition
of the stability explained above, the way to achieve this is by having
null perceived acceleration at the center of gravity, aper = 0.

Two control strategies can be followed to reach this objective:

1. The stability is ensured by a direct angular position control, con-
sidering the angle of inclination of reference θre f ensuring aper = 0.
This strategy has been widely adopted by researchers working on
this issue. However, this strategy has some drawbacks: approxi-
mations have to be made to obtain at each moment the adapted
reference angle, and its calculation potentially induces a delay in
the control.

2. An alternative solution is to directly control the perceived accel-
eration, and to pursue the aper = 0 objective. This is the strategy
followed in this thesis.

Provided that the most readily available measurements on the vehicle
are those provided by an inertial unit (IMU), the choice of direct
control of aper was better adapted for these sensors.

State of the Art for DTC, STC and SDTC systems

Having defined the vehicle model, explained the problem of lateral
stability, and calculated the various quantities concerned (lateral ac-
celeration, perceived acceleration) it is now possible to clearly ex-
plain the work and results obtained by different researchers.

– Hibbard Robbin et al. 199642, considered the problem of DTC
42 Robin Hibbard and Dean Karnopp.
Twenty first century transportation
system solutions-a new type of small,
relatively tall and narrow active
tilting commuter vehicle. Vehicle
system dynamics, 25(5):321–347, 1996.
Available at http://dx.doi.org/10.
1080/00423119608968970

vehicles and proposed to control the angle of inclination with
the value of the reference calculated according to θre f . The lat-
eral acceleration was approximated by Vxψ̇, ignoring the de-
pendence in ÿ

θre f = tan−1
� alat

g

�
= tan−1

� ÿ + Vxψ̇

g

�
≈ Vxψ̇

g

The control used for position feedback was a Proportional Deriva-
tive (PD) that has the error input on θ, e = θ − θre f with a
feedforward function alat = Vxψ. The model used for regula-
tor adjustment was reduced to the simplified transfer function
between θ and Mt.
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– So S. et al., 1997a43, were interested in a system where STC and
43 Sang-Gyun So and Dean Karnoop.
Active dual mode tilt control for
narrow ground vehicles. Vehicle System
Dynamics, 27(1):19–36, 1997. Available
at http://dx.doi.org/10.1080/
00423119708969321

DTC actuated alternately, depending on the longitudinal speed
of the vehicle.

* A filtered PD regulator was used for the DTC system:

Mt =
�

Kp +
Kd

τ1s + 1

�
(θ − θre f )

* The STC strategy similarly used a PD with filtered derivative
to calculate the appropriate steering angle.

* The authors exploited the approximate relationship between
alat and δ: alat = ÿ+Vψ̇ = (V̇ Lr δ+V Lr δ̇+V2δ)/(L f + Lr).
So θre f−STC = alat/g = f (δ, δ̇) and the control signal STC is
written:

δ =
�

Gp +
Gds

τ2s + 1

�
(θ − θre f−STC)

* The two controllers were first simulated separately, consid-
ering only the simplified transfer functions between δ and θ

in STC and between the tilt torque Mt and θ for DTC. The
proposed results showed that the perceived acceleration in
DTC was much greater than in STC, and that at the same
time the steering angle was significantly modified in STC;

* Switching between STC and DTC systems was also consid-
ered, at speeds of 7.5m/s and 8.5m/s depending on a hys-
teresis cycle. To circumvent the jump problems with re-
spect to the static control value, the authors proposed a vari-
able gain for the STC, which increased gradually to optimal
value.

– In their work, So S. et al., (1997)44 replaced the PD controller
44 Sang-Gyun So and Dean Karnopp.
Switching strategies for narrow ground
vehicles with dual mode automatic tilt
control. International Journal of Vehicle
Design, 18(5):518–532, 1997. Url:http:
//www.inderscienceonline.com/doi/

abs/10.1504/IJVD.1997.062071

with a PI for the DTC system to solve the static error problem
and minimize discontinuity during STC-DTC switching. They
added an additional feedback gain as a function of θ and θ̇.

The validation of this work was very basic since no stability
study was available, the lateral alat and perceived aper acceler-
ations were reconstructed by their approximate mathematical
expressions and were not supposed to be directly measured;
The simulations were carried out on a simplified model, lin-
earized around θ = 0, considering the lateral and longitudinal
dynamics.



37

– At the University of Minneapolis, the researchers addressed
several aspects of lateral control of narrow tilting vehicles. In
their work, Piyabongkran D. et al. (2004)45, proposed three

45 D Piyabongkarn, T Keviczky, and
R Rajamani. Active direct tilt control
for stability enhancement of a narrow
commuter vehicle. International
Journal of Automotive Technology,
5(2):77–88, 2004. Available at https:
//pdfs.semanticscholar.org/b079/

59e2ab35f552f1b06209af731e148e32a0ec.

pdf

DTC control strategies in order to control the angle of incli-
nation at θre f = tan−1(Vψ̇/g), based on the linearized lateral
model.

* The first strategy was based on a Linear Quadratic Regula-
tor (LQR) using a simplified model whose states only corre-
sponded to θ and θ̇, hence ignoring the coupling with other
important variables such as the yaw rate ψ̇. A model of the
driver was implemented to correct errors on the trajectory in
simulation.

* The second strategy was based on the LQR control with a
predictive aspect provided by the predictive estimation of
the reference inclination angle, based on the knowledge of
the future trajectory (i.e. on-board camera, GPS, etc. thus
predicting the curvature of the road). The reference angle
was obtained through a predictive command with a Reced-
ing Horizon Controller.

* The third proposed control strategy was nonlinear; it pro-
ceeded by inversion of the dynamics of the inclination angle
(linearization by looping), which resulted in a double inte-
grator dynamics Mt = θ̈. A PID was then used such that
Mt = (Kp + Kds + Ki/s)(θ − θre f )

The simulations showed that the nonlinear controller (strategy
3) was much more efficient than the LQ controller (strategy 2)
in minimizing the tilt torque. The best performances were nev-
ertheless obtained with the RCH controller (strategy 2), under-
lining the importance of the anticipation of the transient per-
formance of the inclination control.

– The SDTC commands were discussed by Kidane, S. et al. (2008),
(2010)46. The authors proposed 3 DTC strategies, and 3 STC

46 S. Kidane, L. Alexander, R. Raja-
mani, P. Starr, and M. Donath. A
fundamental investigation of tilt con-
trol systems for narrow commuter
vehicles. Vehicle System Dynamics,
46(4):295–322, 2008. Available at
http://www.tandfonline.com/doi/

abs/10.1080/00423110701352987; and
S. Kidane, R. Rajamani, L. Alexander,
P. J. Starr, and M. Donath. Develop-
ment and experimental evaluation
of a tilt stability control system for
narrow commuter vehicles. IEEE Trans-
actions on Control Systems Technology,
18(6):1266–1279, Nov 2010. Available
at http://ieeexplore.ieee.org/
document/5356230/

strategies, in order to find the methodology ensuring the best
switching in SDTC.

The DTC strategies were all based on a PD controller, but dif-
fered in the expression of the reference θre f chosen:

1. θre f =
Vψ̇
g = V2

gR

2. θre f =
ÿ+Vψ̇

g − 2(Iwheelrot w ψ̇/(hm)
g

3. θre f = ks(δdriver)



38

The first expression is the most simplified; it neglects the term
of lateral slip ÿ, which leads to a significant increase in the
transient torque. The second expression is more rigorous and
the term 2(Iwheelrot w ψ̇/(mgh), which takes into account the gy-
roscopic moments at the level of the wheels, leads to a zero
static error, but it is difficult to calculate. Finally, to circumvent
the problem of contradictory STC and DTC control signals, the
authors retained the third expression (i.e. θdes = ks(δdriver)), al-
though it is very approximate and does not optimize the torque
required in transient situations.

The STC strategies also used a PD controller, with an addi-
tional term δss, which allowed a steering angle equal to that
desired by the driver to be obtained in steady state: δ = Kp(θ −
θre f ) + Kd θ̇ − θ̇re f ) + δss. The three STC strategies differed in
their choice of δss:

1. The most complete proposed expression uses the value of
unmeasured and therefore inaccessible variables.

2. An alternative expression performs the rewriting of expres-
sion 1. as a function of θre f and parameters to be estimated.

3. The last strategy replaces δss by an integral term on the de-
viation (θ − θre f ). This is the solution chosen for the SDTC
command.

– The SDTC controller was then made up of two independent
PIDs; one controller generated the motor torque Mt, and the
second the steering angle δ applied to the wheels. Vo and Vf

were two threshold values, Vo < Vf for the longitudinal veloc-
ity. For V < Vo, the DTC system is active; for V > Vf , the STC
system takes over; For Vo < V < Vf a function dependent on V
shared the control between DTC and STC.

The controller was validated in simulation and experimentally
by Kidane S. et al., 201047. The results were acceptable, but the

47 S. Kidane, R. Rajamani, L. Alexander,
P. J. Starr, and M. Donath. Develop-
ment and experimental evaluation
of a tilt stability control system for
narrow commuter vehicles. IEEE Trans-
actions on Control Systems Technology,
18(6):1266–1279, Nov 2010. Available
at http://ieeexplore.ieee.org/
document/5356230/

perceived lateral acceleration was not given, and no stability
study was proposed. On the other hand, the proposed SDTC
controller did not explicitly optimize the energy required for
implementing this strategy.
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– In the Netherlands, Carver Europe developed a three-wheel re-
cliner called Carver. This vehicle was equipped with a Dynamic
Vehicle Control system that used the DTC and STC strategies.
The publications relating to this system remain evasive, proba-
bly due to the confidentiality of the project. However, several
patents are filed separately concerning the use of the steering
angle in the tilt controller (CR Van Den Brink et al., 1999)48, the

48 CR van den Brink. Realization of
high performance man wide vehicles
(mwvs) with an automatic active
tilting mechanism. In Proceedings
EAEC European Automotive Congress
"Vehicle Systems Technology for the
Next Century: Conference II–Vehicle
Dynamics and Active Safety", Barcelona,
pages 41–49, 1999. Available at
http://carver-technology.com/

PDF/brink_EAEC_Barcelona_1999.pdf

simultaneous action of the STC and DTC systems (CR Van Den
Brink And Kroonen, 2004)49.

49 CR van den Brink and HM Kroonen.
Dynamic vehicle control for enclosed
narrow vehicles. In Volume I EAEC
6th European Congress "Lightweight and
small cars: The answer to Future Needs",
pages 217–226, 1997. Available at
http://www.carver-technology.nl/

PDF/brink_EAEC_Cernobbio_1997.pdf

– At the University of Bath, researchers worked on the Clever
project: a three-wheeled vehicle, in which only the chassis and
front wheel were tilted. This vehicle was equipped with a
DTC system, operating with hydraulic actuators. In their work,
Berote et al., (2008)50 the authors focused on the analysis of the

50 Johan Berote, Auguste Van Poelgeest,
Jocelyn Darling, Kevin A Edge, and
Andrew Plummer. The dynamics of
a three-wheeled narrow-track tilting
vehicle. In FISITA World Automotive
Congress 2008, September 2008. Paper
number: F2008-SC-032. Available at
http://opus.bath.ac.uk/15090/

Clever dynamics, emphasizing the importance of rear wheel
steering to limit the risk of over-turning of the vehicle. The au-
thors also evoked the advantage of having the axis of rotation of
the vehicle inclined (and not horizontal), which affects the iner-
tia of the inclination movement. The DTC controller remained
very basic: a PD to control the angle of inclination.
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DTC: Summary of Difficulties and Solutions

In this section the problems of DTC control are identified, and solu-
tions are proposed to improve the performance of the controller.

Difficulties related to DTC

DTC strategies are generally based on a pursue of the angle of incli-
nation θ, such that θ → θre f , where θre f is given by the expression
θre f = tan−1(alat/g) or even more simplified or approximate ver-
sions which have been described in detail in the previous section
(i.e. θre f = Vxψ̇/g, or θre f = ks(δdriver), etc.). The weak points of
these strategies can be summarized as follows:

1. High torque from the actuator on the transient phase: the cal-
culation of θre f from the measurement of lateral acceleration alat

or yaw angle ψ̇, induces an intrinsic delay: the actuator is only
activated after the detection of the lateral acceleration through the
accelerometer. The inclination torque must therefore compensate
for the lateral acceleration already present, which inclines the ve-
hicle towards the outside of the curve before being able to incline
it in the opposite direction with the actuator.

Figure 38: Transitional phase of the
vehicle approaching a turn: increasing
alat, inclining the vehicle outside the
turn and requiring a greater Mt

The longer the Mt reaction, the greater the lateral acceleration, and
the greater the required tilt torque. When other sensors that allow
the trajectory prediction are installed on the vehicle (camera), this
anticipation makes it possible to reduce the tilting torque signif-
icantly (Piyabongkran D. and Al., 2004)51. In addition, the lat-

51 D Piyabongkarn, T Keviczky, and
R Rajamani. Active direct tilt control
for stability enhancement of a narrow
commuter vehicle. International
Journal of Automotive Technology,
5(2):77–88, 2004. Available at https:
//pdfs.semanticscholar.org/b079/

59e2ab35f552f1b06209af731e148e32a0ec.

pdf

eral acceleration (alat = ÿ +Vψ̇ cos β) is proportional to the speed.
Thus, the higher the speed, the greater the lateral acceleration and
the greater the torque Mt required.
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2. Static error: Given the way in which the reference is calculated,
θ = θre f does not mean that aper is strictly null. Consequently, the
actuator must permanently supply a non-zero torque to maintain
the inclination of the vehicle at θre f .

Proposed solutions

The two main solutions to improve the operation of the DTC systems
are: A) Using the steering angle input from the driver as a regulator
and B) Directly controlling the perceived lateral acceleration.

1. Reduction of the actuator torque in DTC

When driving of a motorcycle, the rider tilts it as soon as the turn
begins, before the appearance of the lateral acceleration. Conse-
quently the effort required for the inclination is relatively small;
and this is also the case for a vehicle whose path is known in ad-
vance. It is, thus, essential to initiate the inclination as soon as
possible.

The first measurable signal containing information about the near
trajectory is the angle (or even the torque) of steering. This sig-
nal must be used in order to initiate the inclination of the vehicle
before the perception of lateral acceleration.

The steering angle is considered as a disturbance which induces
an increase in the perceived lateral acceleration, such as to desta-
bilize the vehicle. In order to be able to use this signal in the
controller, a control methodology is chosen to be able to take into
account this knowledge of the environment.

2. Cancellation of the static error and improvement of the DTC
performance

The lateral stability is obtained by the appropriate inclination of
the vehicle. It is therefore intuitive to seek to control the angle of
inclination θ → θre f by calculating the necessary torque to achieve
an inclination coherent with the terminal objective: aper = 0. To
reduce the problem of the approximation and to reduce the risks
of instability (θre f is deduced from the state variables) the direct
control of the perceived lateral acceleration aper is proposed.52

52 L. Mourad, F. Claveau, and
P. Chevrel. Design of a two dof
gain scheduled frequency shaped lq
controller for narrow tilting vehicles.
In 2012 American Control Conference
(ACC), pages 6739–6744, June 2012.
Available at http://ieeexplore.ieee.
org/abstract/document/6315042/

Therefore, the objective variable is now the aper = 0 rather than
θ = θre f . In addition, in order to ensure the robust asymptotic
cancellation of the static error, the integral of aper (aI

per) will be
taken into account. This approach is much more interesting since
aper is measured by the inertial motion unit (IMU).
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Design of the DTC Controller

Dynamic Model

In the previous chapter, the linearized dynamic model was obtained:

mÿ + mVψ̇ + mhθ̈ = Ff + Fr (33)

Iz ψ̈ = L f Ff − LrLr − (Iwr,θ − Iwr,rot)wrot θ̇ − Mδ (34)

Ix θ̈ = mghθ − Ff h − Frh ++2(Iw f ,ψ − Iw f ,rot)wrot(ψ̇ + δ̇) + Mt (35)

2 Iw f ,ψδ̈ = Mδ + Mtrail − 2(Iw f ,θ − Iw f ,rot)wrot θ̇ (36)

Ff = 2Cf

�
δ −

ẏ + L f ψ̇

V

�
+ 2λ f θ

Fr = Cr

�
− ẏ − Lrψ̇

V

�
+ λrθ

The inputs to this model are the steering angle δ and the tilting
torque Mt.

Methodological Approach

The general idea consists in formalizing the problem through the
construction of a generic model, called standard, allowing the refor-
mulation of the problem of control in an optimization problem H2

53.

53 Kemin Zhou, John C. Doyle, and
Keith Glover. Robust and Optimal
Control. Prentice-Hall, Inc., Upper
Saddle River, NJ, USA, 1996. ISBN:0-
13-456567-3

This model P(S) is structured and consists of the aggregation of:

– Plant: A model of the system to be monitored, displaying dis-
turbance and control signals and well as the output variables to
be controlled.

– Disturbance: A model of the environment of the system to be
controlled, generating the exogenous signals such as perturba-
tions and setpoints.

– Output: A model of the quantities to be regulated, including
weights constituting adjustment coefficients.

Figure 39: Standard Problem

The associated H2 is considered in the generic form, which consists
in determining Ks stabilizing the process model and minimizing:
�P(s)K(s)�2
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State Space Model

The obtained model of the form described by equations (33-36) is
reduced to its controllable and observable part which has 4 states
(ẏ, ψ̇, θ, θ̇). The Linear Parameter Variant (LTV) model is parameter-
ized by the longitudinal speed V of the vehicle:





ẋ = A x + Bu u + Bd d

y = C x + Du u + Dd d
(37)

with xT =
�
ẏ ψ̇ θ θ̇

�T
∈ �4, u = Mt and d = δ

A =




1
V
�
− a

m − h2a
Ix

� 1
V
�
− b

m − h2b
Ix

�
− V (2λ f + λr)

� 1
m + h2

Ix

�
− mgh2

Ix
0

− b
V Iz

− 2Cf L2
f +Cr L2

r
V Iz

2λ f L f −λr Lr
Iz

0
0 0 0 1
h a

V Ix
h b

V Ix

mgh−h(2λ f +λr
Ix

0




Bd = Bδ =
�
2Cf

� 1
m + h2

Ix

2Cf L f
Iz

0 − 2Cf h
Ix

�T
,

Bu = BMt =
�
− h

Ix
0 0 1

Ix

�T
, a = 2 Cf + Cr, b = 2 Cf L f − CrLr

The model becomes an Linear Time Invariant (LTI) model when a
constant longitudinal velocity V is considered. The vector x denotes
the states , y the measured the outputs, u the control input and d is
considered as a disturbing exogenous signal54.

54 Rensselaer Polytechnic Insti-
tute Dr. Kevin Craig, Professor of
Mechanical Engineering. Distur-
bance Response Notes. Available at
http://studylib.net/doc/18342577/

disturbance-response

Estimation of ẏ

The PEV will include a Inertial Measurement Unit (IMU), which will
provide the state values θ, θ̇, and ψ̇, but not ẏ. The IMU will also give
the value for the perceived lateral acceleration aper. Note that this
measure was not used in the previous strategy, nor in the classical
strategy of controlling θ such that θ = θdes steering angle δ and its
derivative δ̇ will be measured.

The state signal ẏ can be estimated from the measured signals: yp =�
ψ̇ θ θ̇ aper

�T
, according to:

ˆ̇y = (a11 + ha41)
−1
�

aper − (a12 + ha42 + Vx)ψ̇ − (a13 + ha43 − g)θ

−(a14 + ha44)θ̇ − (bδ1 + hbδ4)δ − (bu1 + hbu4)Mt

�

where terms aij, bδi and bui are coefficients of matrices A, Bδ and Bu

respectively.
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Expressing aper as function of x

Lateral stability of the vehicle is obtained when the sum of lateral
forces and torques at its center of gravity is zero (aper = 0).

aper = alat cos θ + hθ̈ − g sin θ with alat = ÿ + V ψ̇

The aper is a measured signal, but is not part of the state vector. Using
small angle approximations, it can be expressed as a function of the
state vector as follows:

aper ≈ ÿ + V ψ̇ + hθ̈ − gθ = alin
per

alin
per =

�
0 V −g 0

�
x +

�
1 0 0 h

�
ẋ = G1 x + G2 ẋ

Replacing ẋ by A x + Bu u + Bd d leads to:

alin
per = G1 x + G2(A x + Bu u + Bd d) = G x + Hu u + Hd d

with G = G1 + G2 A, Hu = G2 Bu and Hd = G2 Bd. The output vector

is defined as y =
�

aper ψ̇ θ θ̇ δ
�T

Therefore:

C =




G�
03x1 I3

�

01x4


, Du =

�
Hu

04x1

�
, Dd =




Hd

03x1

1




Regulator Problem with Internal Stability 55
55 L. Mourad, F. Claveau, and
P. Chevrel. Design of a two dof
gain scheduled frequency shaped lq
controller for narrow tilting vehicles.
In 2012 American Control Conference
(ACC), pages 6739–6744, June 2012.
Available at http://ieeexplore.ieee.
org/abstract/document/6315042/

The fundamental control objective to ensure the lateral stability is to
solve the regulation problem aper = 0. The problem formulation is
recast as a standard regulator problem with internal stability (RPIS)
where δ is considered as a disturbance, and its effect on the perceived
lateral acceleration aper should be canceled by the tilt torque Mt.

Figure 40: Control diagram: Feedfor-
ward and feedback loops
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Plant Model 



ẋ = A x + Bu u + Bd d

y = C x + Du u + Dd d

z = G x + Hu u + Hd d

(38)

with G =
�
−a/V m −b/V m (2λ f + λr)/m − g 0

�

Hu = 0, Hd = 2Cf /m

Disturbance Model 



ẋe = Ae x + Be w

d = Ce xe
(39)

with xT
e =

�
δ δ̇

�T
, Ce =

�
1 0

�
, Ae =

�
0 1

−τα −(τ + α)

�
, Be =

�
0
β

�

where w is an impulse signal, α, τ and β determine the time constants
and amplitude of the 2nd order signal. This model is critical to obtain
good performances in transient phases, while the feedback takes care
of the static ones and guarantees robust regulation.

Standard Model

�
ẋ
ẋe

�
=

�
A Bd Ce

0 Ae

� �
x
xe

�
+

�
Bu

0

�
u +

�
0
Be

�
w

e = z =
�

G Hd Ce

� � x
xe

�
+ Hu u

y =

�
x
xe

�
=
�
ẏ ψ̇ θ θ̇ δ δ̇

�T

Solution for RPIS

Assuming that the plant model is stabilizable, a solution for the RPIS
problem exists in the feedback form if the unique solution (Ta, Fa) of
the occultation equations exists:

−A Ta + Ta Ae + Bd Ce = −Bu Fa (40)

−G Ta + Hd Ce = Hu Fa (41)

If ∃ Ta, Fa → ure f = −Fa xe and xre f = −Ta xe is the unique reference
trajectory for the plant model that satisfies the control objective e =

aper = 0. Therefore this trajectory satisfies the dynamic of the system:




ẋre f = A xre f + Bu ure f + Bd d

zre f = G xre f + Hu ure f + Hd d
(42)
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Defining (ũ, x̃, e) = (u − ure f , x − xre f , z − zre f ) the difference be-
tween the actual and desired values of the current control input,
states and controlled output.

The first step is to compute the feedback gain K, designed such that
ũ = −Kx̃ guarantees x̃ → 0 and e → 0 (stabilization of the plant).
The second step a feedforward gain is designed in order for (u, x) to
follow the reference trajectory ure f , xre f in an optimal way.

Feedback Gains

For the calculation of the feedback gains, the Linear Quadratic Reg-
ulator (LQR)56,57,58 has been chosen based on the good robustness

56 University of Stuttgart Prof.
Dr. Carsten Scherer. LQ Op-
timal Control, 2013. Available
at http://www.mathematik.
uni-stuttgart.de/studium/infomat/

mst/linearekontrolltheorie/folien/

lec5.pdf

57 Åbo Akademi University Professor
Hannu T. Toivonen, Department of
Information Technologies. The H2-
optimal control problem, 2000. Available
at http://users.abo.fi/htoivone/
courses/robust/rob3.pdf

58 W Murray Wonham. Linear mul-
tivariable control a geometric approach;
2nd ed. Applications of Mathematics.
Springer, New York, 1979. Available at
http://cds.cern.ch/record/1614618

properties, few tuning parameters and the explicit minimization of
the energy of control signals required to follow the reference.

The LQR consists on finding the state feedback ũ = −Kx̃ that mini-
mizes the criteria:

JLQR =
� ∞

0

�
zT Q z + uT R u

�
dt =

� ∞

0

�
xT Qx x + uT R u + 2xT Nxu u

�
dt

The weighting matrices Q and R must be positive and will balance
the minimization of the state vector or the control signal.

Qx = GT Q G

Ru = HT
u Q Hu + R

Nux = GT Q Hu

The solution is given by:

K = −R−1
u BT

u P

Where P is the unique solution of the Riccati equation applied to the
plant model:

AT P + P A − P Bu R−1
u BT

u P + Qx = 0

Feedforward Gains

Solving the Sylvester equations in (42) and using the feedback gains
K, the feedforward gain is calculated as Kd = Fa + K Ta.

ũ = −Kx̃ → u − ure f = −K (x − xre f )

u + Fa xe = −K(x + Ta xe

u = −K x − (Fa + K Ta)xe = −K x − Kd xe
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Extended model with the integral of aper: aI
per

In order to avoid any static error, the integrated value of the lateral
perceived acceleration will be controlled, and its value will be added
to the state vector. In fact, it is unavoidable to have some model errors
due to parameters uncertainty, neglected dynamics or linearization
of the model.

The equation to add to the model is very simple:

˙aI
per = aper = G x + Hu u + Hd d

The augmented state is then xi =
�
ẏ ψ̇ θ θ̇ aI

per

�
, and the new

system: 



ẋi = A xi + Biu u + Bid d

z = aI
per = Gi xi + Hiu u + Hid d

(43)

Ai =

�
A 04x1

G 01x1

�
, Biu =

�
Bu

Hu

�
, Bid =

�
Bd

Hd

�

Gi =
�
0 0 0 0 1

�
, Hiu = 0, Hid = 0

Extended Standard Model

�
ẋi

ẋe

�
=

�
Ai Bid Ce

02x5 Ae

� �
xi

xe

�
+

�
Biu

02x1

�
u +

�
02x1

Be

�
w

e = z = aI
per =

�
Gi Hid Ce

� �xi

xe

�
+ Hiu u

y =

�
x
xe

�
=
�
ẏ ψ̇ θ θ̇ aI

per δ δ̇
�T

Feedback Gains

The Linear Quadratic Regulator is adapted to the extended model:

JLQR =
� ∞

0

�
zT Q z + uT R u

�
dt =

� ∞

0

�
xT Qx x + uT R u + 2xT Nxu u

�
dt

Qx = GT
i Q Gi Ru = HT

iu Q Hiu + R Nux = GT
i Q Hiu

The solution is given by:

K = −R−1
u BT

iu P

Where P is the unique solution of the Riccati equation applied to the
plant model:

AT
i P + P Ai − P Biu R−1

u BT
iu P + Qx = 0
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Feedforward Gains

The Sylvester equations in (42) need to be adapted to the new model:

−Ai Ta + Ta Ae + Bid Ce = −Biu Fa (44)

−Gi Ta + Hid Ce = Hiu Fa (45)

By solving these equations and using the feedback gains K, the feed-
forward gain is calculated as Kd = Fa + K Ta.

Simple Method Gains Calculation

A straightforward way of calculating the gains is to solve the Riccati
and the Sylvester equations as it is indicated in (Friedland, Chapter
9.6)59 book:

59 Bernard Friedland. Control System
Design - An Introduction to State-
Space Methods. Dover Publications,
1986. Chapter 9. Linear, Quadratic
Optimum Control. Available at http:
//app.knovel.com/hotlink/toc/id:

kpCSDAISS1/control-system-design/

control-system-design ISBN: 978-0-
486-44278-5

– Riccati eq: M1 Ai + AT
i M1 − M1 Biu R−1

u BT
iu M1 + Qx = 0

– Slyvester eq: M2 Ae + (AT
i − M1 Biu R−1

u BT
iu)M2 + M1 Bid Ce = 0

Then, the gains can be easily calculated:

– Feedback gains: K = R−1
u BT

iu M1

– Feedforward gains: Kd = R−1
u BT

iu M2

Derivation of the Gains

As was discussed previously, the state variable ẏ is not measured
and can only be estimated as:

ˆ̇y = (a11 + ha41)
−1
�

aper − (a12 + ha42 + Vx)ψ̇ − (a13 + ha43 − g)θ

−(a14 + ha44)θ̇ − (bδ1 + hbδ4)δ − (bu1 + hbu4)Mt

�

To calculate the real gains on the controller, a simple but tedious
derivation has to be carry out:

u = −K xi − Ke xe

u = −Kẏ ẏ − Kψ̇ ψ̇ − Kθ θ − Kθ̇ θ̇ − KaI
per

aI
per − Kδ δ − Kδ̇ δ̇
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u = − Kẏ

a11 + ha41
aper −

�
Kψ̇ − Kẏ

a12 + ha42 + Vx

a11 + ha41

�
ψ̇ −

�
Kθ − Kẏ

a13 + ha43 − g
a11 + ha41

�
θ −

�
Kθ̇ − Kẏ

a14 + ha44

a11 + ha41

�
θ̇−

− KaI
per

aI
per −

�
Kδ − Kẏ

bδ1 + hbδ4

a11 + ha41

�
δ − Kδ̇ δ̇ − Kẏ

bu1 + hbu4

a11 + ha41
u

u =
1

1 + Kẏ
bu1+hbu4
a11+ha41

�
− Kẏ

a11 + ha41
aper −

�
Kψ̇ − Kẏ

a12 + ha42 + Vx

a11 + ha41

�
ψ̇ −

�
Kθ − Kẏ

a13 + ha43 − g
a11 + ha41

�
θ−

−
�

Kθ̇ − Kẏ
a14 + ha44

a11 + ha41

�
θ̇ − KaI

per
aI

per −
�

Kδ − Kẏ
bδ1 + hbδ4

a11 + ha41

�
δ − Kδ̇ δ̇

�

u =
1

a11 + ha41 + Kẏ (bu1 + hbu4)

�
− Kẏ aper −

�
Kψ̇(a11 + ha41)− Kẏ(a12 + ha42 + Vx)

�
ψ̇−

−
�
Kθ(a11 + ha41)− Kẏ(a13 + ha43 − g)

�
θ−

−
�
Kθ̇(a11 + ha41)− Kẏ(a14 + ha44)

�
θ̇ − KaI

per
(a11 + ha41) aI

per−

−
�
Kδ(a11 + ha41)− Kẏ(bδ1 + hbδ4)

�
δ − Kδ̇(a11 + ha41) δ̇

�

With this estimation all the signals are measured and have a gain:

K
�
aper =

Kẏ

a11 + ha41 + Kẏ (bu1 + hbu4)
(46)

K
�
ψ̇ =

Kψ̇(a11 + ha41)− Kẏ(a12 + ha42 + Vx)

a11 + ha41 + Kẏ (bu1 + hbu4)
(47)

K
�
θ =

Kθ(a11 + ha41)− Kẏ(a13 + ha43 − g)
a11 + ha41 + Kẏ (bu1 + hbu4)

(48)

K
�
θ̇
=

Kθ̇(a11 + ha41)− Kẏ(a14 + ha44)

a11 + ha41 + Kẏ (bu1 + hbu4)
(49)

K
�
aI

per
=

KaI
per
(a11 + ha41)

a11 + ha41 + Kẏ (bu1 + hbu4)
(50)

K
�
δ =

Kδ(a11 + ha41)− Kẏ(bδ1 + hbδ4)

a11 + ha41 + Kẏ (bu1 + hbu4)
(51)

K
�
δ̇
=

Kδ̇(a11 + ha41)

a11 + ha41 + Kẏ (bu1 + hbu4)
(52)

K
�
=
�
K

�
aper K

�
ψ̇

K
�
θ K

�
θ̇

K
�
aI

per
K

�
δ K

�
δ̇

�
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Gain Scheduled Controller

The previous regulator was synthesized by considering a constant
value of the longitudinal speed Vx. But the state space model is LPV
and the matrices A and C depend on V or 1/V. Thus, the proposed
controller is not valid for the whole speed range. In this section, a
controller that depends on the longitudinal speed of the vehicle is
proposed.

The approach adopted is pragmatic, and proceeds by interpolation of
the LTI regulators obtained for a discrete set of longitudinal speeds.
It thus guarantees a good performance at every operating point. Sta-
bility guarantees will also be provided by a posteriori analysis.

The first step is the observation of the gain variation of this regulator
as a function of velocity for V ∈ 2, 3, ...18 m/s. A regulator is syn-
thesized for each value of V and the variation of the gains can be
approximated by a function of the form:

K(V) = Kc + KV V + K1/V)

Dependent on V and 1/V, with Kc, KV and K1/V the constants to be
identified. These values can be easily deduced from the least squares
resolution of the following system of equations:




1 V1 1/V1

1 V2 1/V2

... ... ...
1 V17 1/V17




� �� �
M




Kc

KV

K1/V


 =




K
�
V1

K
�
V2

...
K

�
V17




� �� �
KM

⇒




Kc

KV

K1/V


 = (MT M)−1 MT KM
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Control Strategy Summary

In this chapter the control strategy has been completely derived and
developed. The process of calculating the gains can be resumed in
few steps:

1. To obtain or measure the parameters to complete the dynamic
model. This includes the vehicle and the wheels variables:

m L f Lr Ix Iz Cf Cr λ f λr ....

2. To suppose a constant V for the model, so that V ∈ 2, 3, ...18 m/s

3. To generate the matrices of the state space model:

A Bu Bd C Du Dd G Hu Hd Ae Be Ce ...

4. Feedback gains: To solve the Riccati equation for the selected
model and calculate the gains:

M1 Ai + AT
i M1 − M1 Biu R−1

u BT
iu M1 + Qx = 0

K = R−1
u BT

iu M1

5. Feedforward gains: To solve the Slyvester equation for the se-
lected model and calculate the gains:

M2 Ae + (AT
i − M1 Biu R−1

u BT
iu)M2 + M1 Bid Ce = 0

Kd = R−1
u BT

iu M2

6. Gain Scheduling: To repeat the steps 2 to 5 with all the speed
range and calculate the constants Kc, KV and K1/V with:




Kc

KV

K1/V


 = (MT M)−1 MT KM





4. Small Scale Prototype

As a first step towards the design and fabrication of a tilting PEV,
an small scale prototype was built. In this chapter the design and
fabrication process regarding this small vehicle, also called miniPEV,
will be explained.

Concept - Deploy or Die

In sight of the Media Lab’s motto ’deploy or die’60, the objective
60 Media Lab Director’s
new motto. Available at
https://slice.mit.edu/2014/07/29/

deploy-or-die-media-lab-directors-new-motto/

of this thesis would be to deploy a real scale vehicle with a tilting
mechanism. However, the process to reach that goal needs a lot
of iterations, try and errors, and a small scale prototype is a good
starting point.

Figure 41: Evolution of the philosophy
of innovation at the Media Lab

A small moving tilting prototype – miniPEV– is helpful in a lot of
different ways. It is much easier to show your ideas and the story be-
hind narrow tilting vehicles to people who are not familiarized with
this kind of vehicles. As a matter of fact, the miniPEV was shown in
the Fall Member Event at the Media Lab. The feedback received from
the sponsors, students, and people from the MIT community was re-
ally helpful to understand better the problem and its opportunities
in the mobility sector.

The miniPEV61 is a simple tilting ’toy’ car make out of wood. It is

61 miniPEV video. Available at https:
//vimeo.com/188999255

approximately one quarter of the scale of the PEV, but as a concept, it
represents all the features that a full scale vehicle has. It is propulsed
by a DC motor, and two servomotors move the two front steering
wheels and the tilting mechanism. It also has a battery to power
all the electronics and the motors. In order to simulate the same
inputs to the control system, a Inertial Measurement Unit (IMU) was
also installed and used to tilt the vehicle in the curves. The details
regarding the components will be explained later in this chapter.
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Design

The design on the miniPEV was based on a previous small prototype
by Michael Lin, head of the PEV project at Changing Places group.
In order to fabricate the prototype as fast as possible, the miniPEV
was built with plywood sheets of 3mm, that were cut in the laser
cutting machine. Then, gluing the layers together gives result to the
final 3D model. In this way, the prototype is fabricated very fast and
the possibilities of making changes is high as well.

The model is composed of different parts. In the rear part there is
a seat, and the wheel is propulsed from the hub. The electronics
and the battery are placed in the center, with the aim of keeping the
model as balanced as possible and having a low center of gravity.
Due to the limitations of power, this design decision was critical for
the proper motion of the model. The front part consist of two steered
wheels with their steering system and a suspension that allows the
tilting of the vehicle.

Tilting Mechanisms

This section focuses on explaining the tilting mechanism chosen for
the miniPEV, as an introduction to the more detailed simulations
carried out for the full scale PEV.

The different tilting mechanisms that previous tilting vehicles have
used can be summarized in two categories:

1. Hydraulic actuators: located in the suspension or in a fixed part
of the vehicle, they can incline the vehicle by extending one of the
two actuators. The size and power provided by these actuators
exceed the requirements and the space available in the PEV, as
well as in the miniPEV. This strategy has been used in car-like
vehicles rather than in bike-like vehicles.

2. Rotary motor: being much compact, a high torque motor can sup-
ply the necessary Mt to lean the vehicle when necessary. Here the
possibilities of actuating the vehicle expand, but the design re-
mains basic. Attached to the motor there is a arm that connects
to the suspension arms, meaning that the rotation of the motor
reduces and enlargers the distance from the body to the suspen-
sion, hence tilting the vehicle and the wheels. This second option
is the one that is going to be explored next, due to the different
possibilities that comprises.
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Rotary Motor Tilting Mechanisms

If a rotary motor is used, the first question that arises is: What part
of the vehicle would we like to tilt? The answer falls on selecting
the parts that we do not want to lean. In a tadpole vehicle like PEV
with 2 front wheels and 1 rear wheel (the contrary will be a delta
vehicle - 1F2R), the part that can maintain vertical by itself is the
front suspension and the wheels. In this way, we could separate the
whole front part from the rest of the frame (handle bar, cover, seat,
rear wheel...), implying that the tilting part would be the body of the
vehicle. This is indeed the alternative A (Figure 42):

Figure 42: Tilting mechanisms alter-
natives based on the suspension and
body independence

A: Separate body from suspension

In this case the front suspension does not lean, it maintains as if
the vehicle did not have a tilting degree of freedom and the wheels
maintain vertical as well. Therefore, the suspension keeps its design
objective: to absorb the vibration and the bumps reactions coming
from the irregular profile of the ground. The current design of the
suspension could be used for this tilting PEV.

On the other side, the junction part between the two parts supposes a
high risk point, since all the forces in the vehicle will be concentrated
in that point. In addition, it would require to re-design the steering
mechanism, since there is a mismatch between the two parts.

Figure 43: Design proposal in the joint
with option A

√
Suspension does not lean, wheels maintain vertical

√
Suspension used for vibration absorption

√
No changes in suspension design

× Robust design required, risk point

× Concentration of forces in the joint

× Steering re-design
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B: Body moves with suspension

When the vehicle leans with the suspension, then the wheels also tilt
(the camber changes) and there is no risk point since all the frame
parts are joint together. Apart from small changes, the steering sys-
tem can be maintained, which is a advantage. However, this alterna-
tive also gives rise to other issues. Leaning the wheels can imply an
instability in the vehicle, since some tires are not designed to be tilted
an elevate angle. There are also a great deal of actuation strategies,
which can be difficult to choose from.

Nevertheless, the main drawback of this design is that the suspension
is not anymore independent from the leaning on the vehicle. This
implies that the suspension shock absorbers need to change their
position and that the motor actuation cannot conflict with the motion
of the suspension due to vibrations or bumps. This issue is really
challenging, and in this project we were not able to design a front
suspension that separated the suspension motion from the tilting
motion. We will sacrifice the absence of the suspension for the sake
of reaching to a new concept of tilted tricycle.

√
Suspension and wheels do lean

√
Robust design: no risk point

√
Keep steering design

× Suspension not independent from leaning

× Multiple actuation strategies

× Stability of the wheels

To understand the different tilting suspensions, the program Au-
todesk ForceEffect software was used as a first approach. The sus-
pension was modelled in a 2D plane, with only 1 degree of freedom
(which accounts for the leaning of the suspension).

Figure 44: Front suspension model in
2D
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The main parts and the links between them are, from left to right:

– Wheel (Left): Co-linear bars AC and BC. Point A is in contact
with the ground by an articulation. Distance AC represents the
radius of the front wheel.

– Kingpin (Left): Co-linear bars DE and DF. It is inclined by the
kingpin angle.

– Hub (Left): CD bar, welded to the left wheel and the kingpin.

– Upper/Lower Suspension Arms: bar FG/EH articulated in both
sides.

– Body: it represents the frame of the vehicle, where the driver
will be sitting. Four-sided solid body GHI J.

– Rotation Point: Q is the point from which the motor will actuate.

– Tilting Mechanism: Bars QR and RT/RS.

– Wheel (Right): Co-linear bars QO and OR. Point Q is in contact
with the ground by a slider.

With this basic model in mind, the four studied alternatives can be
summarized as follows. A more detailed analysis of the front sus-
pension will be explained in the next chapter as well.

– B.1 Rotating point on top of body + linkage (shock absorbers)
to upper arms

Figure 45: B1 option

The tilting mechanism consists of three elements. The arm QR
is actuated by the motor, and the two remaining bars (RU and
RV) are connected to the upper arms. This is the bar system
used in the miniPEV. It is a very simple mechanism, but in
terms of geometry, requires an angle of 45 degrees between
the QR and RU bars in order to get maximum torque on the
suspension bars. The rotation point Q is constrained to be on
top of the body, and considering the length of the QR bar, the
space requirement is high.
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– B.2 Rotating point below body + linkage (shock absorbers) to
lower arms

Figure 46: B2 option

This strategy is very similar to the B.1, but the motor is located
below the body. This can create problems with the motor touch-
ing the ground in some circumstances, something that should
be avoided. If compared to the previous option, this alternative
is not recommended.

– B.3 Rotating point inside body + horizontal shock absorbers
to lower arms

Figure 47: B3 option

Using a rotary motor and a rack-pinion system, the rotational
motion can be transformed into a linear (horizontal) motion,
thus changing the distance between the lower suspension arms
and tilting the vehicle.
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– B.4 Rotating point inside body + gearbox to lower arm

By means of a gearbox, the torque coming from the motor is in-
creased, as the suspension arms are actuated art the same time.
The simplicity and freedom to choose the reduction ratio were
the main reasons why this option was designed, fabricated and
assembled in the full scale PEV.

Figure 48: B4 option

As has already been stated, the miniPEV will have a tilting mech-
anism similar to the option B.1 whereas the full scale PEV will be
designed following the B.4 design.

First Sketches

At first, some drawings were made to illustrate the model in three di-
mensions. In Figure 49, the tilt actuator and the arms with the shock
absorbers activate the tilting on the trike. The suspension is consti-
tuted by a 4-bar mechanism; the simplest bar system that allows a
tilting motion.

Figure 49: Sketch of tilting mechanism
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The front and rear views of the suspension (Figure 50) clarify the 4-
bar mechanism mentioned previously. When the vehicle runs into a
bump, the shock absorbers in the affected side compress, thus min-
imizing the vibrations that reach to the driver. In addition, the sus-
pension allows the tilting of the vehicle an angle θ, which will be
limited by the geometry, but should not exceed 30 degrees.

Figure 50: Sketches with response to
bump and tilting

In Figure 51 more detailed drawings of the suspension have been
included.

Figure 51: Detailed sketches of the
tilting suspension
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Components

In this section the components of the miniPEV and their main char-
acteristics are reviewed.

Figure 52: miniPEV explosion render

– Wood Frame and Wheels

Taking as example other previous wood models from the group,
the vehicle was designed in Solidworks. The body is made of
3mm plywood sheets, and the rear wheel is slightly bigger than
the front ones. Using the laser cutting machine, the body, the
wheels, and the rest of the parts were fabricated quite fast. The
fact that the model was made out of plywood brought along a
lot of issues during the motion of the vehicle. This type of pro-
totypes are not usually designed to move, but to remain static
instead. In any case, there was a lot of effort in reducing the
friction between the moving parts (wheels and steering system).

Figure 53: Lateral view of the render
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– Rear DC Motor

The rear motor is a Pololu DC motor of 12V and a gearbox inte-
grated. The gearbox fits perfectly in this application, providing
a high output torque to be able to move the vehicle. The torque
increase is about 50:1, and the motor’s small size allows it to
hide in the frame.

Figure 54: Rear DC Motor, Pololu 50:1
Micro Metal Gearmotor

Controlling a DC motor with Arduino requires a transistor and
a diode. The small DC motor is likely to use more power than
an Arduino digital output can handle directly (50mA). Con-
necting the motor straight to an Arduino pin would damage
the Arduino. Tha is why a small transistor like the PN2222
needs to be used as a switch, that uses just a little current from
the Arduino digital output to control the much bigger current
of the motor.

There is also a diode connected across the connections of the
motor. Since diodes only allow electricity to flow in one direc-
tion, when to motor turns off the diode protect the Arduino
and the transistor from a negative spike of voltage. The diode
protects against this, by shorting out any such reverse current
from the motor.

– Steering and Tilting

The steering servo motor is located vertically in the left side of
the vehicle, and has two bars linked to the hubs of the front
wheels. The tilting motor is laying on top of the body, hori-
zontally, and has a glass arm attached to the output shaft. This
glass piece is connected to the shock absorbers that are attached
to the upper suspension arms.

The tilting servo motor is slightly more powerful than the steer-
ing motor, since the force requirement for the tilting motion is
higher than for turning the wheels.

Figure 55: Servo Motor MG90

Figure 56: Miniature shock absorbers
MA 35 to MA 900

Figure 57: Front view of the render
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– Electronics

The Arduino UNO is the board responsible for receiving the
inputs from the sensors and controlling the output to the three
motors. The board and all the components are powered by a
12V DC battery (Energizer XP8000). The election of the 12V
is due to the rear motor input voltage. The rest of the compo-
nents (servo motors, bluetooth module and IMU) only require
5V, voltage that the Arduino board can provide from one of
its pins. All these electronic components are placed in a mini
breadboard.

The chosen IMU both for the miniPEV and for the PEV is the
Adafruit BNO055 Absolute Orientation Sensor, with 9DOF
(accelerometer, gyroscope and magnetometer). It is connected
through the I2C connection (SDA and SCL pins) to the board.
The measurements from this sensor are the angular velocity
along the vertical axis Z (yaw rate ψ̇) and the linear acceler-
ation in the forward direction ax, which will be integrated to
estimate the longitudinal speed of the vehicle.

As a matter of fact, the use of this Inertial Measurement Unit is
quite easy, since the libraries to get the data have been already
developed. Nevertheless, there are some steps that need to be
followed in order to configure the sensor in the first place (this
will be intensively explained in the next chapter).

Figure 58: Electronic Components

a) Arduino UNO board b) Mini breadboard

c) Energizer XP8000 battery d) BNO055 9DOF IMU
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Finally, in order to remotely connect with the board and control
the vehicle, a Bluetooth HC05 module was installed. This mod-
ule was connected through serial connection to the Arduino.
An Android application was the installed in the phone to ac-
tivate different functions (forward, left, right...). The wiring
diagram is represented as follows:

Figure 59: miniPEV Electronics
Schematic

Final Model and Results

The final model is illustrated in the Figures 61 and 62. The tilting
servo motor is controlled to satisfy in every moment that θ = θre f ,
with

θre f =
V ψ̇

g

This expression of the roll angle reference was introduced in the pre-
vious chapter and is based on a very simple model that combines the
bicycle and the inverted pendulum dynamics (Figure 60).

Figure 60: miniPEV simple model to
obtain the θre f
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Figure 61: Lateral view of the miniPEV

Figure 62: Front view of the miniPEV

The value for the angular velocity (yaw rate) ψ̇ is obtained from the
gyroscope sensor measurement. However, there is no direct infor-
mation about the longitudinal velocity of the vehicle. That is why
the linear acceleration in the forward direction ax is integrated, thus
estimating the velocity V.

A strategy in two steps was carried out to filter and integrate the
linear acceleration signal. First, a Kalman filter was used and, in
second place, a more manual filtering was implemented. In order to
validate the integration algorithms, some live tests were made. These
test samples were obtained from the Media Lab elevator, going up
and down several times.
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Kalman Filter

A Kalman filter is an optimal estimation algorithm used to estimate
states of a system from indirect and uncertain measurements. The
most simple Kalman filter has some variables: x for the filtered value,
q for the process noise, r for the sensor noise, p for the estimated error
and k for the Kalman Gain.

The filter is applied with each measurement and initialized with the
process noise q, the sensor noise r, the initial estimated error p and
the initial value x = 0. The initial value for p is not very important
since it is adjusted during the process. It must be just high enough
to narrow down. The filter can be summed up in two simple steps:

– Predict

The current state xk is estimated from the previous state xk−1

and the estimated error p increases by the inherent process
noise q.

xk = xk−1, p = p + q

– Measurement Update

The kalman gain k balances the relevance of the current ob-
servation zk and the previous state x̂k−1. It is the ratio of the
estimated error p and the noise coming from the sensor r.

k =
p

p + r
, x̂k = x̂k−1 + k(zk − x̂k−1)

When the gain is 0, the current observation has no effect on the
updated value, whereas if its value is 1 the previous state does
not have an influence.

After filtering the acceleration ax with x0 = 0 p = 1 q = 0.01 r =
0.15 , the velocity is integrated with the trapezoidal rule of numer-
ical integration:

v̂k = v̂k−1 + (ak + ak−1)
Δt
2

The issue with this strategy is the shift of the velocity origin due to
the noise in the acceleration and the error in the time interval. These
errors accumulate during the ups and downs in the elevator, and
incorrectly gives non-zero values of the velocity.

There is an extended Kalman filter that accounts for this shift issue,
but is designed to correct the possible shifts in the sensors signals,
that is, to fix any possible deviation in the signal coming from the
IMU. In this case, we are trying to deal with a numerical integration,
not a shift in the signal from the IMU. Therefore, this path is not
applicable to this case.
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The Kalman filter is perfect for filtering the noise from the accelerom-
eter, but it is not enough to give a good estimation of the velocity
when integrating the filtered acceleration.

Figure 63: Kalman filtering to elevator
test

Figure 64: Elevator velocity estimation
with trapezoidal rule

Integration Shift

In order to fix the accumulative error in the integration of the accel-
eration, a very simple algorithm was implemented. This algorithm
just corrected the shift by estimating the slope (m) of the error during
an early sample.

– Trapezoidal

v̂k = v̂k−1 + (ak + ak−1)
Δt
2

– Corrected:

v̂k = v̂k−1 + (ak + ak−1)
Δt
2

− m Δt
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Figure 65: Sample from the elevator

Figure 66: Acceleration, and inte-
gration with trapezoidal rule and a
corrected estimation

After calibrating this algorithm, a final test was carried out in the
elevator, giving good results (Figure 67).

Figure 67: Final test in the elevator
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Chapter Conclusions

The design and fabrication of the miniPEV supposed the first step in
this project, and has been really useful for understanding the possi-
ble problems that could rise in a tilting vehicle of bigger dimensions.
Sometimes looking at a prototype for five minutes is much more
productive than thinking about its design and making hundreds of
sketches. It also was useful to explain to the Changing Places group
and other labmates the ideas that were being developed.

Figure 68: miniPEV stand at the Media
Lab Members Event Fall 2016

In the technical side, there were some challenges. First, the estima-
tion of the longitudinal speed of the vehicle required several tests and
some time going up and down in the Media Lab elevator (which was
kind of fun). The results of these test were useful for the integration
of other variables in the full scale vehicle.

Regarding the tilting control, the delay between the input from the
driver and the action from the motor was evident. This agrees with
the studies mentioned previously in the literature review.

Overall, the vehicle satisfactorily performed as expected, and the tilt-
ing worked perfectly, even though the motor-actuated glass part was
larger than in the initial design. In the next chapter the real scale
PEV will be presented.

Figure 69: Remote control from the
phone to the miniPEV via Bluetooth





5. Real Scale Prototype

Once the dynamic model and the control strategy have been stud-
ied, the design and fabrication of the tilting PEV will be explained
in this chapter. The frame of this vehicle was recycled from another
previous PEV version, and will be the departure point for this new
prototype. In this chapter we will cover the processes to design and
fabricate all the parts in the vehicle, (front suspension, tilting and
steering mechanisms, rear motor, handle bar, batteries, electronic
components...)

Front Suspension Design

The first step is to design the front suspension of the vehicle. The sus-
pension arms will continue to form a four bar mechanism as were
in the miniPEV. In this case, before designing any mechanical com-
ponent and jumping to the CAD software, some kinematic and dy-
namic simulations were carried out. These simulations had several
goals in mind.

1. Understand the motion of the tilting suspension depending on its
geometry.

2. Maintain the wheels as vertical as possible during the leaning of
the body.

3. Minimize the required torque from the tilting motor.

The simulations were developed in MATLAB, following a similar
structure to the functions introduced in the book by A. Avello62. The

62 Alejo Avello Iturriagagoitia. Teoría
de máquinas Segunda Edición. Escuela
Superior de Ingenieros Industriales
- Universidad de Navarra, 2014.
Available at http://hdl.handle.net/
10171/34797

analysis starts by defining a model of elements that are linked to-
gether by different types of joints. This model is then translated
into a set of equations Φ that define the constraints of the system.
Whichever the motion of the mechanism, it must obey these equa-
tions.
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The kinematic simulations require to solve three problems (position,
velocity and acceleration) in that order. Then the dynamic simula-
tion makes use of the results from the kinematic analysis, giving an
estimation of the forces and reactions in the system.

Model Schematic

The first step to a mechanical analysis is to generate a model of ele-
ments that represent the system. In this case, the front suspension is
abstracted into a 2D model of bars.

The process of designing the model is very simple. The user in-
troduces the length of the bars, then the coordinates of all points
are calculated from a fixed frame reference and based on those bar
lengths. Finally, the estimated mass of each bar is introduced, and all
possible external forces are applied as well. For example, the weight
of the driver is simulated as a 80kg weight located in a point near to
the center of gravity of the vehicle.

Figure 70: Simulated Model

Based on the Autodesk ForceEffect model designed previously, the
suspension model was implemented in MATLAB. It has 20 points –
3 of them fixed, A, B, C – that define the bars. There are only three
types of links in the model: articulations, weld and slider.
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The constraint equations that define this model can be summarized
in these types (the examples have been taken from the model in Fig-
ure 70):

xi is the x coordinate of the point i

yi is the y coordinate of the point i

La b is the length of the bar a-b

– Bar (x1 − x3)
2 + (y1 − y3)

2 − L2
1 3 = 0

– Triangle

(x1 − x2)
2 + (y1 − y2)

2 − L2
1 2 = 0

(x1 − x9)
2 + (y1 − y9)

2 − L2
1 9 = 0

(x2 − x9)
2 + (y2 − y9)

2 − L2
2 9 = 0

– Welded
(x6 − x7)(x4 − x7) + (y6 − y7)(y4 − y7)− L6 7L4 7 cos(90) = 0

(x6 − x7)(y4 − y7)− (y6 − y7)(x4 − x7)− L6 7L4 7 sin(90) = 0

– Slider (x6 − xB)(yB − yC)− (y6 − yB)(xB − xC) = 0

Each of these constraint equations is denoted as Φ(�g, t), since depend
in the vector of the coordinates �g and the time t.

In Figure 70 only 16 moving and 3 fixed points have been repre-
sented. The model will be completed with the introduction of the
tilting actuation and the driver model. In total there will be 20 mov-
ing points and 3 relative coordinates (angles), which make a total of
43 unknown coordinates.

�g =
�

x1 y1 x2 ... x20 y20 θ γ φ
�

43x1

Φ(�g, t)42x1

Φg(�g, t)42x43 with Φg(�g, t)i,j =
∂Φi
∂xj

Note that the size of the coordinates vector (unknowns) is bigger
than the number of equations in the system (42 → 43). This is due
to the fact that one of the coordinates will be degree of freedom, and
therefore a known value.

Due to the geometry of the model, it is impossible to put one fixed
articulation in each wheel’s point of contact with the ground. In-
stead, one of these two links has to be modified into an articulated
slider. Another alternative was the implemented design, with a fixed
rotation point and one articulated slider on each wheel. With this
decision, the model behavior is completely identical –symmetrical–
on both sides.

From now on we will refer as inner wheel to the wheel closer to the
center of rotation of the trajectory and as outer to the other one. This
notation will be alternated with left and right wheels for inner and
outer.
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Kinematic Simulations

The goal of the kinematic simulations is to find the best geometry
for stability during the tilting motion, that is, to design the front
suspension so that the inner wheel should maintain as vertical as
possible, so the outer wheel.

The degree of freedom z of the model is the rotation angle φ that
the body forms with the vertical axis. The vector of coordinates �g
is formed by the x and y coordinates of the 20 points. Other extra
variables, angles and distances of interest are also included in the
vector �q. As stated previously, to study the motion of a system three
problems have to be solved, in this order:

– Position Problem
Position Problem:

Input z; Unknown gGiven a value for the degree of freedom z = φ, the vector of co-
ordinates is calculated solving the system of non-linear equa-
tions Φ. The Newton-Raphson method is used to solve the
equations:

Φ(�g + Δ�g, t) ≈ Φ(�g, t) + Φ�g(�g, t)Δ�g ≈ 0

where the Φ�g is the Jacobian of the constraint equations. Through
a iterative process, the values of the coordinates are calculated:

Φ�g(�gi, t)(gi+1 − gi) = −Φ(gi, t)

– Velocity Problem
Velocity Problem:

Input g, ż; Unknown ġThe derivative of the constraint equations is also null:

d
dt

Φ(�g, t) = Φ�g �̇g + Φt = 0

where Φt is the partial derivative of the constraint equations
with respect to time t. The position of the system is known for
each time t, so the matrix Φ�g and Φt are known, which gives
the values of the velocity �̇g:

Φ�g �̇g = −Φt

– Acceleration Problem
Acceleration Problem:

Input g, ġ, z̈; Unknown g̈Following the same logic, the vector of accelerations is obtained:

d2

dt2 Φ(�g, t) = Φ�g �̈g + Φ̇�g �̇g + Φ̇t = 0

. If this equation is rearranged, the only unknown is the vector
of accelerations �̈g:

Φ�g �̈g = −Φ̇�g �̇g − Φ̇t
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Dynamic Simulations

Once the kinematic problem has been solved, the dynamic of the
system can be studied. From the principle of virtual work:

δWinertia + δWexternal = 0

Applying this theorem in function of the vector of natural coordi-
nates g:

δ�gT M �̈g + δ�gT Q = 0 (53)

where M is the mass matrix and Q the vector of generalized forces.

Figure 71: Element of the model
To build M, each element’s Me is calculated first, and its inserted in
the corresponding cells of the M matrix.

Me =




m + a − 2bx 0 bx − a −by

m + a − 2bx by bx − a
a 0

sim. a




with
a =

Ii

L2
i j

bx =
m exG

Li j
by =

m eyG
Li j

m =
�

V
dm

Ii =
�

V
(ex2 + ey2)dm exG =

1
M

�

V

ex dm eyG =
1
M

�

V

ey dm

The matrix Q is build in the same way, but accounts for the external
forces in the system, for example, the torque from a motor. For any
force F in the model:

QF =
1

Li j




Li j − ex ey
ey Li j − ex
ex ey
− ey ex




�
Fx

Fy

�

The matrix M and Q are therefore known. The values of the co-
ordinates vector �g can be expressed as a function of the degrees of
freedom z as �g = f (z) where

�̇g =
∂ f
∂z

ż = R ż �̈g = R z̈ + Ṙ ż

Returning to the equation (53):

δ�gT(M�̈g − Q) = 0

δzT RT(M�̈g − Q) = 0

RT(M�̈g − Q) = 0

RT M�̈g = RTQ

RT MRz̈ = RTQ − RT MṘż

Thus the acceleration of the degrees of freedom is obtained when
mass and external forces are applied.
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Torque Calculation

It must be pointed out that in this thesis, the only variable of inter-
est is the torque requirement from the motor. In order to get that
variable a different perspective is necessary.

Once again from equation (53), the Lagrange multipliers (λ) are in-
troduced. There is one λ per constraint equation in the model, and
depending on their equation their meaning changes, but overall are
related to the reactions between elements.

M�̈g − Q + ΦT
g λ = 0 (54)

For getting the value of the motor torque, a known tilting angle tra-
jectory φc(t) has to be imposed:

Φ = φ(t)− φc(t) (55)

For the sake of the programmer, once the kinematics have been solved,
it is quite disturbing to change the system of equations again, intro-
ducing a new time depending equation. If only the motor torque is
needed, a particular method to get it can be developed.

First, let us consider that the tilting angle φ is part of the coordinates
vector �g as:

�g =
�

x1 y1 x2 ... x20 y20 θ γ φ
�

It was already verified that:

M�̈g − Q + ΦT
g λ = 0

λ = ΦH
g (M�̈g − Q)

Inserting the equation (55) does not change the terms M�̈g − Q in
equation (54). It only expands the Jacobian Φg with a row of zeros
and a one: �

Φg

�
→

�
Φg

0 0 ... 0 1

�

Returning to equation (54), the lagrangian terms becomes:

�
ΦT

g

�



λ1

λ2

...
λ42


 →




0
0

ΦT
g (1 : 42, :) ...

0
ΦT

g (43, :) 1







λ1

λ2

...
λ42

λ43




Calculating the product of this new lagrangian term and considering
that the mass and external forces terms do not change:

M�̈g − Q + Φg(1 : 42, :)Tλ = 0

ΦT
g (43, :)

�
λ1 λ2 ... λ42

�T
+ λ43 = 0

Mt = λ43 = −ΦT
g (43, :)

�
λ1 λ2 ... λ42

�T
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MATLAB Simulations

Model

Figure 72: Model

The model has a pre-established constraints, due to the selection of
some components. That is the reason why there are some fixed di-
mensions:

– Wheel Radius
– Vehicle Track
– Kingpin angle
– Hub width and height
– Wishbone arms horizontal in steady state

The degree of freedom is the body inclination φ, based on the ro-
tation point A, where the motor should be placed. For the kine-
matic simulations it will be established that: φ = (0 − 30) °; φ̇ =

1rad/s; φ̈ = 0rad/s2

Kinematics

We will study the motion of the system with varying parameters.
The only parameters left to determine are the position of the motor
–height h ∈ (0 − 600)mm– and the width of the body in the sus-
pension –L1 9, L2 10 ∈ (0 − 300)mm–, which will initially cover those
ranges.

The model is fixed to some dimensions, and its tilted to the max-
imum possible angle. The inclination of the body and the wheels
is recorded and saved. Then both the left and right wheels angle
is compared with the body angle. This data is the fitted into a lin-
ear regression and its slope and quadratic error are saved for later
analysis.
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Figure 73: Left (inner) and right (outer)
wheels angle versus the body angle
during a tilting motionAfter simulating the mechanism with different geometric constraints

(54900 combinations), some conditions were applied to find the most
suitable geometry:

1. Ratio between the inner wheel inclination angle and the body
leaning φinner to body < 0.96

2. The body width should have enough space for connecting the sus-
pension arms L1 9, L2 10 > 30mm

3. The body should lean a minimum angle (φmax > 25°)

4. The rotation point should be located near to the body, in order to
avoid the motor scraping against the ground or being too high.

Applying these constraints a set of possibilities is obtained:

h L1 9 L2 10 φmax φle f t to body RSEle f t to body φright to body RSEright to body

260 31 61 0.4500 0.9530 0.0020 1.1560 0.0020
260 61 101 0.4500 0.9592 0.0017 1.1397 0.0017
250 31 61 0.4500 0.9534 0.0020 1.1598 0.0020
250 61 101 0.4500 0.9596 0.0017 1.1432 0.0017
240 31 61 0.4500 0.9539 0.0019 1.1432 0.0019
240 61 101 0.4500 0.9600 0.0017 1.1643 0.0017
230 31 61 0.4499 0.9543 0.0019 1.1730 0.0019

Table 5: Geometries remaining after
applying the selection constraints
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The selected geometry has been emphasized in the table 5 and repre-
sented in Figure 74. The motor should be located inside the body, at
230260 mm from the ground. The selection of L1 9 is clearly affected
by the second constraint, it usually selects the lower bound (31 mm).
Regarding the body geometry, the length L1 9 should be around 60
mm, while the length L2 10 should be around 100 mm. These values
could be recalculated in case that the 60 mm separation between pins
would not be enough.

Figure 74: Selected geometry

Other interesting conclusions can be extracted from the kinematic
analysis. First, let us look at the value of φmax (Figure 75) for all the
possible combinations.

We can notice that increasing the rotating point reduces the cases of
high leaning angles. The lower the point A, the higher the leaning
angle. In addition, ff the position of the rotating point is maintained
constant (h = constant), that is, independently of the rotating point
height, there exist a line where the dimensions L1 9 and L2 10 give
the highest possible leaning angle. This line gives a body with a
particular lateral edge.

Indeed, the 1̄2 edge would form 55° with the horizontal in that op-
timum case. But reality is that the selection has to be based in a
balance, going to the optimum in one dimension will mean worse
values in the other dimensions.

In Figures 76 and 77 the values of φinner and φouter tell that indepen-
dently from the rotating point height, the regions where there is a
low inner wheel to body angle ratio are the same where there is a
high outer wheel to body angle ratio. The selected point fall into a
balanced zone between these two regions.

Finally, in Figure 78 the relation between the inner-wheel-to-body
ratio and the outer -wheel-to-body ratio is represented. Out of cu-
riosity, it is impossible to find a geometry in which simultaneously
the inner and the outer wheel angle are lower than the body angle.
When a ratio is below 1, the other ratio is always above 1, and vice
versa.
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Figure 75: Value of φmax in function
of L1 9 (x axis), L2 10 (y axis), and h
(different figures)
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Figure 76: Value of φinner in function
of L1 9 (x axis), L2 10 (y axis), and h
(different figures)
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Figure 77: Value of φouter in function
of L1 9 (x axis), L2 10 (y axis), and h
(different figures)
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Figure 78: Ratio of angles on incli-
nation φinner to body vs φouter to body in
function of L1 9 (x axis), L2 10 (y axis).
Each point represents a combination of
the geometry

Dynamics

The dynamic analysis has been focused on the estimation of the nec-
essary torque to maintain the body in vertical position. The worst
case scenario for the motor is when the user gets on the vehicle. The
motor will be able to return to the vertical position only if the torque
requirement is lower than the maximum torque of the motor. On the
contrary, inn a dynamic situation the forces on the vehicle will help
the motor to return to the vertical position after a curve.

To carry out the dynamic simulation, the weight of each element is
estimated with their material density and approximate dimensions.
In addition, the weight of an standard (80kg) driver is include at a
height on 1m (around the center of gravity).

Then, the model is forced to a known initial position (φ is the input)
and the torque to return to the vertical position is calculated. For this
step the expressions presented previously, based on the Lagrangian
formulation, is used:

Mt = λm = −ΦT
g

�
λ1 λ2 ... λ20

�

The model was also slightly modified to include the tilting mecha-
nism. The design B.4 was selected for this analysis, which consisted
on a gear system attached between the motor and the lower suspen-
sion arms. Two different gear ratios were studied, with an increase
of 1.5:1 and 4:1 in the motor torque:
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Figure 79: Studied model with gear
ratio=1.5

Figure 80: Studied model with gear
ratio=4

Figure 81: Necessary motor torque
to restore vertical position with gear
ratio=1.5

Figure 82: Necessary motor torque
to restore vertical position with gear
ratio=4

For acceptable leaning angles (around 15°) there is torque require-
ment of 50Nm for the 1.5:1 gear ratio and of 15Nm for the 4:1 gear
ratio. Let us study the characteristics of the available tilting motor to
verify that this conditions are fulfilled.



85

NIDEC 48R Motor

The selected motor is a NIDEC 48R BLDC motor. Brushless DC mo-
tors do not require commutators and brushes, and have a long life,
quietness, and high efficiency. It has a 144 ratio gear attached, which
was customized for high-torque applications. The datasheet of the
motor (without the gear) is included in the appendices. The rated
power is 67W, with a nominal output torque Tr of 0.2Nm and a cur-
rent consumption of Ir of 3.8A. In no load conditions, the output
speed is n0 = 44601/min, with a current consumption of 0.5A.

Figure 83: NIDEC 48R motor curves

Considering these two situations –nominal and no load–, the curve
torque vs current can be obtained.

T = m I + n; 0 = 0.5m + n; 0.2 = 3.8m + n

T =
2I − 1

33
With a output ratio of 144 in the planetary gear, and limiting the
maximum current to 5A, the maximum torque is

Tmax = 144
25 − 1

33
≈ 40Nm

With an additional gear, the torque increases to 60Nm and 160Nm
with 1.5 and 4 gears ratio respectively. Therefore, the motor is able
to recover from the considered situations. In the view of the results
of the dynamic analysis, the gears between the motor and the sus-
pension arms will be designed to have a ratio of 2:1.
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Design

The previous simulations have offered a better understanding of the
motion of the front suspension and have helped to complete its ge-
ometry. In this section we will go through the design process for the
different parts of the PEV.

Tilting

Figure 84: Aluminum part to connect
the frame and the suspension arms.
The geometry fits with the output
from the kinematic simulations (part
upside down)

For the tilting part some components were reused from other vehicles
(wheels, suspension arms and hubs). The wheels are not perfectly
suited for tilting vehicles, due to their narrow width. On the other
side, the hubs determine the height of the suspension points in the
frame, since in steady position the suspension arms are intended to
remain parallel to the ground.

The key point in the design of the tilting suspension was the selec-
tion of ball joints as articulations. Super-swivel ball joint rod ends
were selected due to the 55° angle of ball swivel, being able to ac-
commodate more misalignment than any other externally threaded
rod end. This high angle allowed the tilting of the vehicle up to 30°.

The rest of the joining components were purchased at McMaster.com
–their cost has been summarized in the Ch.7: Cost Summary–, and
their datasheets have been included in the appendices. The joining of
the suspension arms and the frame was carried out by a aluminum
part made of water jetted sheets of 1/8’=3.125 mm. This part fol-
lowed the geometry extracted from the MATLAB simulations, hav-
ing 60 mm and 100 mm between the upper and lower suspension
points respectively.

Figure 85: Initial state of the PEV
frame
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The gears were designed using a design table from excel63 that was
63 Solidworks Gear Generator. Avail-
able at https://www.thingiverse.com/
thing:8077

then imported to Solidworks. This table took into account all the
parameters of the gears. As stated previously, the ratio of the gears
was 2:1, with a width of 1/4’=6.35 mm and were fabricated with
the water jet machine. The gears were inserted into the suspension
arms by cutting them in half. This issue was due to the fact that the
suspension arms were already fabricated and it was not possible to
insert the gears in their position without breaking some parts.

Half Width h 0.785
Addendum a 1
Dedendum b 1.25
Fillet Radius e 0.38
Module m 1
Teeth z 20
Profile Shift s 0.25
Pressure Angle α 0.349
Pitch Radius R 10
Base Radius R0 9.397
Addendum Radius ra 11
Half Angle γ 0.093
Fillet Center vC -0.87
Fillet Center uC 1.506

Table 6: Gear parameters

Figure 86: Gear Design: Addendum,
Involute, Trochoidal and Dedendum
sections

But far from meaning a problem, being able to put and remove the
gears allowed to test the vehicle with and without tilting90. This
modular advantage probed to be really useful, disassembling the
gear and replacing a pair of shock absorbers allowed to test the ve-
hicle with no tilting in a very straightforward way.

The frame was first modelled in Solidworks, as the baseline of the
rest of the components. The non relevant parts were imported from
online resources as GradCad, for example, the wheels. Once the
frame was in Solidworks, the rest of the parts were designed and
fabricated in the Media Lab’s machine shop.

The assemble of the parts did not imply any problem. At this stage
there was not steering system, so the wheels could rotate freely. This
complicated a bit the tilting tests, since the wheels started rotating
when the suspension moved. Nevertheless, the tilting mechanism
worked satisfactorily and the inclination angles were as high as ex-
pected.

The NIDEC motor was controlled with a driver connected to the
Arduino board. The control strategy uses a PWM signal to command
the speed of the motor and the position is controlled with a PID. In
the electronics section a deeper explanation is included.

Figure 87: Top view: PEV tilting, first
test without steering



88

Figure 88: Front view: PEV tilting, first
test without steering

Figure 89: Tilting mechanism: motor
and gears

Figure 90: Front suspension without
tilting

Figure 91: Render of the front suspen-
sion
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Steering

Figure 92: Steering mechanism,
NIDEC motor and VESC controller

During the fabrication process it was decided to implement a steer-
by-wire system. There were two main reasons to justify this system:

– SDTC: by introducing a motor to control the steering mecha-
nism, there is the possibility of changing the steer angle from
the driver. The SDTC control strategy requires the control of
the wheels to modify the path of the vehicle and tilt the vehicle
by countersteering at high speeds. Even though in this project
there was no time for implementing the SDTC, the steer-by-
wire system remains useful for future applications of this vehi-
cle.

– Autonomy: an actuated steering system is a basic feature for
an autonomous lightweight vehicle. If a fleet of PEV is on the
streets and a user calls one of them, it will need of a motorized
propulsion and steering as well. In a reduced manner, in this
project it was possible to remotely control the PEV and test it
without a driver.

The main drawback of the steer-by-wire system is that it requires to
be constantly powered by the batteries. When the vehicle is powered
off, the steering motor remains in the same position, until is powered
again and the handle bar and the wheels align.

Arduino boards do not have save any data after they are powered
off. This fact implies that if the handle bar is moved during a no-
power period, there will be a misalignment between the wheels and
the handle bar. To avoid this problem, the absolute orientation of the
IMU is used. By configuring the IMU properly, the orientation with
respect to an inertial frame can be obtained. In case that the vehicle
is rotated, there will also be a misalignment again, so two identical
IMUs were necessary. The relative angle between them will report to
the motor the initial angle of the wheels.

In the Figure 92, the position of the motor and the steering mech-
anism is represented. Some modifications were made to the alu-
minum frame to allocate the motor. The output shaft goes through
the frame, connected to another aluminum part. This part (Figure
93) had several holes to adapt to the rest of attachments. The white
case was 3D printed and contains the VESC controller.

Figure 93: Steering parts
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Handle Bar

Before approaching the design of the handle bar, it was necessary
to build a column that supported it. The frame did not have any
prepared holes or location for the steering column, so everything had
to be designed from scratch and adapted to assure a good joining
between the frame and the steering column.

Figure 94: Handle bar and steering
column render

The steer-by-wire system allowed a free design of the column, formed
by two lateral aluminum sheets connected by thinner transversal
sheets. These parts were water jetted, so a distinctive shape was
selected for them. While the fabrication resulted really fast and easy,
assembling all these parts required some time. The assembly was
really tedious, requiring some clamps to put all the parts together
(Figure 95). Figure 95: Assembly of the handle bar

column

At the bottom of this column there was enough room for allocating
the wiring and the Arduino boards. The attachment to the frame
was done with a bended aluminum part. It is important to point out
that it was decided to fabricate the PEV without using the milling
machine. Apart from the time that the milling process takes by itself,
a training and a preparation of the necessary files for its production
were necessary.

Figure 96: Handle bar: motor joining

On top of the column another NIDEC motor was assembled; its shaft
had the handle bar connected (Figure 96). The reasons to introduce
another motor in the handle bar are summarized as follows:

– Haptic Feedback: a fundamental part of the steer-by-wire sys-
tem is to give feedback to the driver about the forces that the
steering motor is withstanding. In this way, the driver will
have a subconscious input about the forces required to move
the wheels, and the user experience will be enhanced.
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This is also important in term of safety. Moving the handle
bar without any friction can be dangerous, since the driver can
make sudden turns, leading to a crash or fall.

The implemented feedback was not a realistic input from the
forces happening in the steering motor. Instead, the force to
move the handle bar linearly increased with the steering angle
and the vehicle velocity. There was also a limit in the maximum
input angle, generating enough force to block any motion. To
do so, the motor variables read from the VESC controller were
used, mainly the battery current, the motor current and the
tachometer.

Figure 97: Test bench for the haptic
feedback

At low speeds, the angle range was quite wide –but limited–
and the forces required to move the handle bar were low. At
higher speeds, the handle bar was very limited to a low range
of angles and also it required a lot of force to move the handle
bar. This helped to reduce the speed of steering, and protected
the user to exceed the steering input at high speeds.

– Alert/notify user: Apart from controlling the steering input
from the driver, a motorized handle bar can warn the driver
about an obstacle in the road or any other issues with the ve-
hicle or the road conditions. Vibrating the handle bar can the
fastest way to notify the user about any problem, reducing the
time of reaction and thus protecting the user.

– Compass: A possible scenario when riding the PEV can be the
indication to go right or left when an address has been indi-
cated to the system. Sometimes when riding a bike in a new
city or in a unknown neighborhood it is necessary to stop an
check the map to orient ourselves and find the next spot.
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The handle bar contains a grip and a brake on each side and a po-
tentiometer on the right side (Figure 98). The left and right brakes
activate the brakes on the left and right front wheels respectively,
and the potentiometer activates the power assist on the rear motor.
A higher value of the potentiometer means a higher duty cycle in the
rear motor, thus increasing the velocity of the vehicle. Figure 98: Handle bar

a) Left grip and brake b) Right grip, brake and throttle

Driver ergonomics

The height and the position of the handle bar was designed to follow
the indications in the book "The Guide to Cycling Ergonomics" by
Ergotec64. The angles of the driver’s articulations have been included

64 Ergotec. The Guide to Cycling
Ergonomics. Wilhelm Humpert
GmbH Co., 2012. Available at http:
//www.hr.ubc.ca/ergonomics/files/

Bike-Ergonomics-reduced-size.pdf

in the drawings appendix.

Figure 99: Driver position on the CAD
model
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Power Assist

The PEV is power assisted by a brushless motor located in the rear
wheel’s hub. This motor is a 36V E-Bikeling 500W geared motor65.

65 DC motor in rear wheel
hub. Available at
http://www.ebikeling.com/shop/

electric-bicycle-36v-500w-geared-rear-26-kit-option-

It provides enough power to assist the propulsion of the PEV. The
system comes prepared to attach a sprocket to the hub, so that the
rear wheel can be moved with the pedals. All the drivetrain parts
were mounted in the frame.

The rear brushless motor, as every NIDEC motor (tilting, steering,
handle bar), are controlled by VESC. In the next section –electronics–
more detailed information is included. The PEV is intended to be
a lightweight vehicle fully prepared to incorporate a modular au-
tonomous package. This kit will transform a normal three wheeler
vehicle into an autonomous urban vehicle. That is why a motor to
propulse the vehicle is necessary, as well as another motor to steer
the front wheels.

Figure 100: PEV sprocket
The motor will assist under the user demands. In the right side of
the handle bar there is a potentiometer that will throttle the vehicle
when turned on. Regarding the signal flow, the potentiometer sends
the command to the Arduino Mega, which is connected to the VESC
controller through serial. The VESC finally controls the motor and
moves the rear wheel.

Figure 101: Rear motor in the hub

Figure 102: PEV Pedal system: chain,
gears and pedals
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Renders and Pictures

Figure 103: Isometric render

Figure 104: Lateral render

Figure 105: Front render
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Figure 106: PEV components explosion

Figure 107: PEV
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Electronics

Electronics lay the foundation for a mechatronical project. In this
section the used components are presented and the process to imple-
ment them correctly in the PEV is explained.

PID Control

Before using the VESC controller –open source, highly modifiable
electronic speed controller ESC by Benjamin Vedder–, a NIDEC driver
was used to control the angular position of the tilting motor. This
happened in an early stage part of the project, so that the PEV final
version was designed with VESC controllers.

The driver had 4 pins to control the motor:

– PWM: Pulse width modulation signal, it determines the speed
of the motor. It is considered as a integer between 0 and 255.
The higher PWM, the faster the motor rotates. Connected to a
PWM digital output pin in Arduino.

– CCW: Binary variable to select the direction of rotation (clock-
wise or counter clockwise). Connected to a digital pin.

– FG: Frequency Generator, it outputs a signal with a frequency
proportional to the motor speed. The proportional constant
was unknown, it was roughly estimated.

– GND: ground connected to the GND port in Arduino.

This driver was used to control the angular position of the tilting
motor. The input to the motor will be the value of PWM, that will
make the motor rotate at a certain speed. The speed will be read by
the pulses coming through the FG pin. Since there are not position
readings, the position will be calculated based on the speed and the
frequency of the control.

Before reviewing the control system in detail, it is important to make
a distinction between the temporal and the Laplace domains. The
control diagram represents the Laplacian domain, where the time
variable t is replaced by the complex variable (frequency s) by ap-
plying the Laplace transform. A variable in lowercase (n) will be-
long to the temporal domain, whereas a variable in uppercase (N)
will belong to the Laplacian domain.
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Figure 108: PID control of the angular
positionThe control diagram in Figure 108 represents the inputs and outputs

of this simple position control. The angular reference φre f is given
by the user – at first through a potentiometer– and the error e is
calculated between the reference and the actual angle φ. This error
will be used to determine the input signal pwm using a PID control.
Finally, the pwm will put an specific speed and therefore a position
in that timestamp.

Translating these words into equations, the system equation is ex-
pressed as

φi = φi−1 + 60n(ti − ti−1)

where φi is the angular position at time ti and n is the speed in rpm.

The input variable pwm is calculated from the error (defined as E =

Φre f − Φ) by means of the PID control:

pwm = KP(φ − φre f ) + KI

� ti

ti−1

(φ − φre f )dt + KD
∂(φ − φre f )

∂t

In the Laplacian domain:

PWM = (KP +
KI
s

+ KD)(Φre f − Φ)

The speed is the time derivative of the position with respect to the
time:

n =
δφ

δt
1 rev

2π rad
60

1 min
→ N = s Φ

60
2π
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Figure 109: Angular speed N vs signal
PWM: Polynomial fitting

Figure 110: Angular speed N vs signal
PWM: Saturation and linear fitting

The relation between the input pwm and the output speed n is not
known, but it can be estimated. Using the speed information from
the FG pin, some measurements were made to characterize the speed
of the motor in function of the pwm input. In Figure 109 the obtained
data is represented and fitted into a 5th grade polynomial curve.

N = f (PWM)

In Figure 110, on the contrary, the speed-pwm relation is simplified
by a linear regression (the speed is saturated at pwm = 57)

N = K PWM

Therefore, the speed is represented in function of the error:

N = s Φ
60
2π

= f (PWM) = f
�
(KP +

KI
s

+ KD)(Φre f − Φ)
�

For the sake of simplicity, the transfer function is indicated for the
relation N = K PWM

Φ = Φre f
KP s + KI + KD s2

60s2

2π K + KP s + KI + KD s2

The control strategy was implemented in MATLAB and the PID
tuner turned out to be really useful to determine the values of KP,
KI and KD. Overall the quality of this PID control was satisfactory,
but the VESC controller resulted easier to implement and besides it
provided more feedback from the motor (electrical and mechanical
variables).

Figure 111: Schematic of the early
motor controller: Arduino UNO, 9V
battery, potentiometer and NIDEC
driver
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VESC

The VESC is a fully customizable open source electronic speed con-
troller by Benjamin Vedder, designed for lightweight and compact
applications like skateboards, or in this case, a three wheeler vehicle.

Figure 112: VESC Picture

The controller receives the power from the batteries and outputs the
3 phases U, V and W to the brushless motors. The incorporated
firmware offers various possibilities to control the motor in different
ways. Every motor in this PEV was configured to be controlled in
FOC (Field Oriented Control) sensorless mode.

FOC – Field Oriented Control

BLDC motors require a controller that converts the applied DC from
the battery cells into AC to drive the motor. This task demands com-
plex driving algorithms to commutate the coils in a sequence that
achieves the desired directional rotation. A wide range of control
algorithms are available:

– Trapezoidal control: For each of the 6 commutation steps, a
pair of windings are powered, leaving the third disconnected.
This method generates high torque ripple, leading to vibration,
noise, and poor performance.

– Sinusoidal control: it supplies sinusoidal varying current to
the 3 windings, thus reducing the torque ripple and offering
a smooth rotation. However, these time-varying currents are
controlled using basic PI regulators, which lead to poor perfor-
mance at higher speeds.

– Field Oriented Control: the torque and the flux can be con-
trolled independently and provides faster dynamic response.
There is no torque ripple and smoother, accurate motor control
can be achieved at low and high speeds.
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VESC Library
bldcMeasure struct

Average Motor Current
Average Input Current

Duty Cycle
Motor RPM

Input Voltage
Amperes Hours

Amperes Hours Charged
Tachometer

Tachometer Absolute

The VESC was connected to the Arduino MEGA board through se-
rial connection (UART). To facilitate the control of the motor, the
VescUartControl library was used in Arduino to interface over UART
with the VESC.

The margin table summarizes the available data from the VESC. In
addition, it was possible to set the motor current, the brake current,
the angular position, the duty cycle and the RPM of the motor.

bool VescUartGetValue ( struct bldcMeasure& values , i n t num) ;

Sends a command to VESC and stores the returned data

values ( s t r u c t bldcMeasure&) − bldcMeasure s t r u c t w i th rece ived data
num( i n t ) − the s e r i a l po r t i n use (0= S e r i a l ; 1= Se r i a l 1 ; 2= Ser i a l 2 ; 3= Se r i a l 3 ; )
return ( bool ) − t r ue i f success

void VescUartSetCurrent ( f l o a t current , i n t num) ;

Sends a command to VESC to control the motor current

current ( f l o a t ) − the cu r ren t f o r the motor
num( i n t ) − the s e r i a l po r t i n use (0= S e r i a l ; 1= Se r i a l 1 ; 2= Ser i a l 2 ; 3= Se r i a l 3 ; )

void VescUartSetCurrentBrake ( f l o a t brakeCurrent , i n t num) ;

Sends a command to VESC to control the motor brake

brakeCurrent ( f l o a t ) − the cu r ren t f o r the brake
num( i n t ) − the s e r i a l po r t i n use (0= S e r i a l ; 1= Se r i a l 1 ; 2= Ser i a l 2 ; 3= Se r i a l 3 ; )

void VescUartSetPosition ( f l o a t position , i n t num) ;

Sends a command to VESC to control the motor position

posit ion ( f l o a t ) − the p o s i t i o n i n degrees f o r the motor
num( i n t ) − the s e r i a l po r t i n use (0= S e r i a l ; 1= Se r i a l 1 ; 2= Ser i a l 2 ; 3= Se r i a l 3 ; )

void VescUartSetDuty ( f l o a t duty , i n t num) ;

Sends a command to VESC to control the motor duty cycle

duty ( f l o a t ) − the duty cyc le f o r the motor
num( i n t ) − the s e r i a l po r t i n use (0= S e r i a l ; 1= Se r i a l 1 ; 2= Ser i a l 2 ; 3= Se r i a l 3 ; )

void VescUartSetRPM ( f l o a t rpm, i n t num) ;

Sends a command to VESC to control the motor rotational speed

rpm ( f l o a t ) − the r e v o l u t i o n s per second f o r the motor
num( i n t ) − the s e r i a l po r t i n use (0= S e r i a l ; 1= Se r i a l 1 ; 2= Ser i a l 2 ; 3= Se r i a l 3 ; )
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VESC Features

Figure 113: Front VESC Schematic

Figure 114: Back VESC Schematic

– Voltage 8V to 60V

– Current up to 240A for a some seconds or 50A continuous

– 5V 1A output for external electronics (arduino)

– Sensored and sensorless FOC, BLDC, and DC

– Current and voltage measurement on all phases

– Duty-cycle control, speed control or current control

– Interface to control the motor: PPM signal, analog, UART, I2C,
USB or CAN-bus.

– Regenerative braking

– Good start-up torque in the sensorless mode

– The motor is used as a tachometer, which is good for odometry

– Adjustable protection against low/high input voltage and high
motor/input current.

It is possible to plot the currents in the BLDC tool, voltages and the
duty cycle in real-time. This is useful when debugging how every-
thing behaves. Some screenshots of the configuration GUI (BLDC
Tool):

Figure 115: BLDC Tool

In order to protect the VESC from hazard and avoid any undesired
contacts, some cases were 3D printed. The first version was designed
to allocate only the board, whereas the second version had enough
space to also incorporate the VESC capacitors. Figure 116: VESC case version 1

Figure 117: VESC case version 2
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Rotary Encoder

The longitudinal velocity of the PEV V = Vx is obtained from a
rotary encoder located in the rear wheel. This sensor is completely
necessary, since the motor is not able to provide this information.
The motor and the hub of the rear wheel are disentangled, meaning
that the motor freely rotates inside the hub when the user pedals,
for example. That is why the motor cannot give a feedback of the
velocity of the wheel.

The rotary encoder or transmitter66 is a incremental optical encoder,
66 Rotary Motion Position-Measuring
Transmitter. Available at https://www.
mcmaster.com/#16695t57/=17znmw6

that converts the motion to an electrical signal to indicate the position
of the rear wheel. Transmitters must be used with a controller that
has quadrature detection to get a 4X resolution increase and meet
IP50 for protection from dust.

The code disk inside a quadrature encoder contains two tracks usu-
ally denoted Channel A and Channel B. These tracks or channels
are coded ninety electrical degrees out of phase and this is the key
design element that will provide the quadrature encoder its function-
ality. In applications where direction sensing is required, a controller
can determine direction of movement based on the phase relation-
ship between Channels A and B. As illustrated in the figure below,
when the quadrature encoder is rotating in a clockwise direction its
signal will show Channel A leading Channel B, and the reverse will
happen when the quadrature encoder rotates counterclockwise.

Figure 118: Quadrature Encoder

The resolution of this particular encoder is of 1000 counts per revo-
lution. It has a 1.91"=48.5 mm diameter circumference polyurethane
wheel attached to the shaft of the encoder. To get the speed of the
PEV, a simple kinematic study was done, following the diagram in
Figure ??:

�v0 = 0 �vA = V�i = w1 R1�i �vP = �vA + w1 R1

�vB = V�i = w2 R2 �vP = �vB + w2 R2

Equaling the expression for the P point velocity �P:

�vA + w1 R1 = �vB + w2 R2

Since the velocities in the centers of both solid is the same (�vA = �vB)):

w1 R1 = w2 R2

and therefore,
V�i = w1 R1 = w2 R2

For calculating the speed of the vehicle, the angular velocity and the
radius of the small circumference attached to the encoder is only
needed.

Figure 119: Wheel – Encoder diagram
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The radius is known, and the angular velocity can be defined as:

w2 =
Δφ

Δt
; Δφ = Ncounts

1 rev
1000 counts

2π rad
1

The speed is therefore calculated as:

V = Ncounts
2πR1

1000Δt

Every time that the encoder sends a pulse to the board, an interrupt
routine starts to read that pulse and catch the rising or falling edge
on the input pin. Therefore, if the Arduino is not fast enough, in-
terrupting the microprocessor in the board can deny the reading of
other pulses and considerably delay other operations.

Taking into account that the resolution was really high (1000 counts/rev),
and a radius of the encoder was 48.5/2=24.25 mm if the PEV is going
at 1m/s, for example, that means that in 1 second, the Arduino board
needs to be able to interrupt its code more than 6500 times (6500 Hz).
Increasing the speed of the vehicle increases this frequency as well.

To get the number of counts in a given time interval, it was necessary
to implement a very fast digital reader in the Arduino Mega in order
to not lose any count and estimate correctly the speed of the vehicle.

In addition, this strategy works even better if a bit of hardware de-
bouncing is forced on the rotary encoder. With two 0.1 uF capacitors
soldered to the encoder pins, the number of calls to the interrupt
routine is dramatically reduced. This is important because too many
calls to the interrupt routine will rob computing cycles from the main
routine, negating the effects of using interrupts to save computing
power.

Figure 120: Rotary encoder mounted
on the PEV
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IMU

Figure 121: Bosch BNO055 9DOF IMU

The selected inertial motion unit was the Bosch BNO055, a 9-axis
absolute orientation sensor with sensor fusion. The BNO055 inte-
grates a triaxial 14-bit accelerometer, a triaxial 16-bit gyroscope with
a range of 2000 degrees per second, a triaxial geomagnetic sensor
and a 32-bit microcontroller.

It is connected through I2C (clock and data pins) to the analog pins
in the Arduino. The PEV is equipped with a pair of BNO055, both
connected through I2C, with the difference that the second IMU’s
ADC pin is connected to the board as well. Setting the ADR pin to
high changes the I2C address from the default (0x28 to 0x29).

VIN: 3.3-5.0V power supply input

GND: common for power and logic

SCL - I2C clock pin

SDA - I2C data pin

ADR: to change the I2C address

Rather than spending a lot of time with algorithms of varying accu-
racy and complexity, the data can be extracted very easily thanks to
the sensor fusion. However, it requires to configure it properly when
powered.

1. The operation mode has to be setup to be able to configure it
(CONFIG MODE)

2. Limit accelerometer range to 2G, get better accuracy

3. Calibrate using some offsets values obtained previously

4. The operation mode is setup again to Fusion mode with NDOF,
mode from which the absolute orientation can be obtained.

Calibration

To obtain correct values from the IMU, it has to be properly cali-
brated first. Once the device is calibrated, the calibration data will
be kept until the BNO is powered off. The BNO doesn’t contain any
internal EEPROM, so a new calibration will be needed every time
the device starts up, or a manual restore of the calibration data.

The BNO055 includes internal algorithms to constantly calibrate the
gyroscope, accelerometer and magnetometer. The four calibration
registers – an overall system calibration status, as well individual
gyroscope, magnetometer and accelerometer values – will return a
value between ’0’ (uncalibrated data) and ’3’ (fully calibrated).

The sensors are trimmed to tight offsets, meaning valid data is ob-
tained even before the calibration process is complete, but particu-
larly in NDOF mode any data should be discard as long as the sys-
tem calibration status is 0. The reason is that system cal ’0’ in NDOF
mode means that the device has not yet found the north pole, and
orientation values will be off. The heading will jump to an absolute
value once the BNO finds magnetic north.
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To generate valid calibration data, the following criteria should be
met:

– Gyroscope: the device must be standing still in any position

– Magnetometer: normal movement of the device is sufficient

– Accelerometer: the BNO055 must be placed in 6 standing posi-
tions for +X, -X, +Y, -Y, +Z and -Z.

Position of the IMU

Figure 122: Location of IMU A and B

The PEV is equipped with a pair of IMUs, one placed on the handle
bar and another one fixed on the frame. The justification for this
decision lays on two arguments:

– The relative angle between the frame and the handle bar can be
obtained, meaning that an encoder is not needed in the handle
bar.

– The perceived lateral acceleration aper has to be obtained along
the lateral axis y�, which should not be affected by the handle
bar steering.

– The steering angle δ and its rate δ̇ can be also obtained from the
gyroscope

Orientation of the IMU

Figure 123: Quaternion vector diagram

Due to the fact that each IMU is oriented differently, it is necessary
to process the orientation data depending on the case. The angular
orientation from each IMU is obtained from the quaternion:

�q =




qw

qx

qy

qz


 =




cos(α/2)
sin(α/2) cos(βx)

sin(α/2) cos(βy)

sin(α/2) cos(βz)




where α is a simple rotation angle and cos(βx), cos(βy) and cos(βz),
are the direction cosines locating the axis of rotation.

The quaternion is then transformed into the appropriate Euler an-
gles: Roll, Pitch and Yaw. Each of these angles is related to one of
the axis X, Y and Z. Depending on the order of the rotations –XYZ
and ZYX Euler angles are not the same– the values of the roll pitch
and yaw changes. For transforming the quaternion into the corre-
sponding Euler angles, the motion of each IMU has to be taken into
account, as well as their relative orientation.
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The handle bar and the frame IMU’s were placed in different orien-
tations:

– In the handle bar IMU the angle of interest is the steering angle
δ around the Z axis. In order to obtain it independently from
any other rotation, the quaternion is transformed into the YZX
euler angles

δA = arctan
−2(qy qz − qw qx)

q2
w − q2

x + q2
y − q2

z

– In the frame IMU the angles of interest are the steering angle δ

and the tilting angle θ around the Y and the X axis respectively.
Therefore, the transformation is done to obtain the XZY angles

θ = arcsin
�
− 2(qx qz − qw qy)

�

δB = arctan
2(qx qy + qw qz)

q2
w + q2

x − q2
y − q2

z

Figure 124: Handle bar IMU (A)

Figure 125: Frame IMU (B)
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Extending angular range

The arctan and arcsin functions implemented only produce results
between −π/2 and π/2. This range problem is solved by extend-
ing the angular orientation to a continuous spectrum. Any angle is
defined as:

ϕ = ϕ + 2π k)

with k = 0 at the initial range [−π/2, π/2].

– If ϕ exceeds a value of (k + 1)π/2, then the k increments one
unit: k = k + 1

– If ϕ falls behind a value of −(k + 1)π/2, then the k decreases
one unit: k = k − 1

Figure 126: Discontinuous vs continu-
ous orientation

Data obtained from the IMU

The control strategy requires some data to calculate the torque re-
quirement from the tilting motor.

Handle Bar IMU

δA Euler angle along vertical direction

δ̇ Gyroscope along vertical direction

Frame IMU

δB Euler angle along vertical direction

Φ̇ Gyroscope along vertical direction

θ Euler angle along longitudinal direction

θ̇ Gyroscope along longitudinal direction

aper Linear acceleration along lateral direction

The steering angle δ is calculated from the relative orientation δ =

δA − δB
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Communication: Bluetooth Modules

The Arduino boards have two Bluetooth modules connected. The
two modules, HC05 and HC06 are very similar. HC–05 is a more
capable module that can be set to be either master or slave while
HC–06 is a slave only device.

These modules run on 3.3V power and have two modes of operation.
In command mode AT commands can be sent to it and in data mode
it transmits and receives data to another Bluetooth module.

Figure 127: Android app for remote
control

The HC–06 module was connected to an Android app in order to
remotely control the PEV. The commands sent to this module con-
trolled the rear motor, as well as the steering motor. The HC–05
module, on the other side, was connected to a Processing script, in
which data was saved in real time and exported into a .csv file. In
this way, it was possible to analyze the data coming from the sensors
and verify the correct response of the control strategy.

An application of this data sender module was used during the
Media Lab’s spring members week. The data from the PEV was
streamed in real time and projected onto a table. Only basic data
was presented during this event, for example, the speed of the ro-
tary encoder and IMU data. The script was also prepared to align
the projection to the table, as it can be seen in the Figure 128.

Figure 128: Live streamed data pro-
jected onto a table
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Arduino

Figure 129: Arduino Mega

The PEV uses two Arduino MEGA boards for the acquisition of the
sensor data and for the control of the motors. The reason for using
two boards recalls in the VESC controller. The straight forward im-
plementation of the VESC library for Arduino makes appropriate to
use connect both through UART connection.

The Arduino Mega is able to manage 4 Serial connections simulta-
neously. Since the library makes use of one of them for debugging,
it remains 3 Serial connections. The PEV has 4 motors incorporated
(steer, handle bar, tilt, throttle), so two Arduino Megas are needed to
control all the motors. The Arduinos will be connected through the
I2C protocol.

The code included in both boards has been included in the appen-
dices.

Batteries

Figure 130: HWT-1004-7AB battery

The PEV is powered by two set of DC batteries. The rear motor
requires an input voltage of 36V, which is provided by the HWT-
1004-7AB battery. This battery is a removable pack, is designed as
a 10S4P battery pack by using Li(NiCoMn)O2 cells and its nominal
capacity is 11.4 Ah. It also meets waterproof IPX4 and provides two-
level protections. The first level protection is done by software which
is typically slow to act, and the second level is done by hardware
which react very fast, on the order of microseconds or milliseconds.
HWT-1004-7AB supplies one auxiliary power âĂŞ USB 5V, so that
can satisfies the demand of variety electronical gadgets such as smart
phones, MP3 player and head light.

On the other side, the NIDEC motors need an input voltage of 24V.
A pair of PowerSonic PS1290, each one of 12V, were selected for this
task. The Power-Sonic PS-1290 is a 12 Volt 9 Amp Hour rechargeable
sealed lead acid battery.

Finally, the Arduino boards are powered by the VESC controller 5V
output.

Electronic Schematic

The schematic of all the components and their connections to the two
Arduino Mega boards is included in the next page:
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Figure 131: Electronic Schematic



6. Vehicle and Control Tests

In this chapter the control strategy is applied to the real scale PEV
and an stability and robustness analysis is presented as well. Due
to the possibility of controlling the PEV remotely (through the Blue-
tooth module and the Android app) two models were studied si-
multaneously. After the proper analysis and validation in MATLAB,
the control strategy was implemented in the Arduino boards and
the PEV was tested several times. Here the results of these tests are
presented.

Control Strategy Analysis

The control strategy works in parallel with the dynamic model of the
vehicle. It receives the sensor data as inputs; that information, along
with with the gains and the actual speed of the vehicle, gives result
to the output signal Mt that tilts the vehicle.

Regarding the sensors, the rotary encoder in the rear wheel and the
pair of inertial motion units provide the necessary data. The longitu-
dinal speed given by the rotary encoder is used to calculate the gains
of the model as well. The actuated motor is the tilting NIDEC motor,
since the steering motor only responses to the driver’s inputs and
the handle bar motor only does the haptic feedback to the driver.

Figure 132: Workflow of the control
strategy: input from IMU and output
to tilting actuator
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Model Parameters

To calculate the gains of the control strategy it is first needed to ob-
tain or measure the parameters to complete the dynamic model.
This includes the vehicle and the wheels variables:

m L f Lr Ix Iz Cf Cr λ f λr ....

Therefore, the model presented in Chapter 3 needs to be calculated
for the PEV characteristics. Both the vehicle with and without the
driver were modelled in CAD software (Solidworks). By indicating
the material of each body the necessary properties for the control
model were extracted.

The geometrical parameters – h L f Lr Rw f Rwr b – were measured
directly from the model. The dynamic parameters – m Ix Iz ... –, on
the other side, were extracted from the mass properties.

Name
Driver
included

No driver
included

Units Description

m 115 35 kg Total mass of the vehicle
h 0.91 0.36 m Position of the center of gravity G on the z axis
L f 0.718 0.518 m Distance from center of gravity to front axle
Lr 0.61 0.81 m Distance from center of gravity to rear axle
m f 52.82 21.35 kg Mass supported by the front wheels
mr 62.18 13.65 kg Mass supported by the rear wheel
Ix 25.14 4.00 kg m2 Vehicle roll moment of inertia
Iz 17.8 10.93 kg m2 Vehicle yaw moment of inertia
Iwheel f θ 0.05 0.05 kg m2 Tilting inertia of each front wheel about its own axis
Iwheel f rot 0.11 0.11 kg m2 Inertia of each front wheel about its rotating axis
Iwheel f φ 0.05 0.05 kg m2 Yaw inertia of each front wheel about its own axis
Iwheel r θ 0.16 0.16 kg m2 Tilting inertia of the rear wheel about its own axis
Iwheel r rot 0.32 0.32 kg m2 Inertia of the rear wheel about its rotating axis
Iwheel r φ 0.16 0.16 kg m2 Yaw inertia of the rear wheel about its own axis
Rw f 0.218 0.218 m Front wheel radius
Rw r 0.315 0.315 m Rear wheel radius
Fz f 259.10 104.71 N Vertical reaction in each front wheel
Fz r 609.95 133.93 N Vertical reaction in the rear wheel
Cf 7277.45 2690.05 N/rad Cornering stiffness of each front wheel
Cr 20454.62 3501.36 N/rad Cornering stiffness of the rear wheel
λ f 231.90 79.70 N/rad Camber stiffness of each front wheel
λr 731.44 105.33 N/rad Camber stiffness of the rear wheel
b 0.92 0.92 m Width of the vehicle in the base
Mmax 518.949 157.941 Nm Maximum tilt torque before rolling over

Table 7: PEV parameters extracted
from Solidworks model
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Driver Modelling

Figure 133: Driver model in the PEV

The driver was modeled as a 80kg person seated and in driving po-
sition. Due to the location of the body, the center of gravity and
the moments of inertia changed considerably. The variability in the
weight and the position of the driver will be overcome by the uncer-
tainly analysis presented below.

Tire Stiffness

In regards to the tires, the stability and handling depends strongly on
the tire properties – cornering stiffness and camber stiffness. Math-
ematical models are available to predict vehicle handling. However,
very little data is available on properties of bicycle and tricycle tires
currently on the market.

In Windes et. al., 201367, the authors focus on the experimental de-
67 Peter Windes, Mark Archibald, and
Bryan Joseph. Experimental determi-
nation of bike tire stiffnesses. Proceed-
ings of the 2013 ASEE North-Central
Section Conference, 2013. Available
at http://people.cst.cmich.edu/
yelam1k/asee/proceedings/2013/

papers/97.pdf

termination of the cornering and camber stiffness of several different
types of bicycle and tricycle tires. Indeed, they designed and built
an machine for measuring cornering and camber stiffness using the
back-to-back method. In this way, the cornering and camber stiffness
were obtained over a range of vertical loads.

Knowing the mass balance of the PEV – m f mr – , the vertical loads
of each wheel were estimated: Fz f Fz r. Then, using the quadratic
relationships presented in Windes et. al., the cornering and camber
stiffness were obtained.

The PEV is mounting a Continental Grand Prix 4000 SII tire, which
is not modeled in the mentioned paper. Nevertheless, an average
estimation from those selected tires was calculated and the relation
between the stiffness and the vertical load was estimated for this tire:

C =
F2

z
3690

+
Fz

2.38
λ =

F2
z

66085
+

Fz

85.47

Figure 134: Cornering and camber
stiffness in function of the vertical load
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Simulink Model

The control strategy stability and robustness was studied in MAT-
LAB and Simulink. The model is illustrated in Figure 135.

Figure 135: Simulink model

Figure 136: Control strategy schematic

The steering input from the driver is include as a disturbance in the
system, whose effect on the perceived lateral acceleration aper should
be canceled by the tilt torque Mt. This fact is taken into account with

the feedforward gains Kd =
�
Kδ Kδ̇

�T

The vehicle is modeled with the differential equation

ẋi =
�

Ai

�
xi +

�
Bid

�
d +

�
Biu

�
u

This differential equation is integrated to get the state vector xi. The
regulator problem is then completed with the feedback loop of the
state vector, optimized to minimize the perceived lateral acceleration
aper.

For the next sections, it is fundamental to do a distinction between
the open and the closed loop systems:

–Open-loop system
ẋs =

�
As

�
xs +

�
Bs

�
u

y =
�

I
�

7x7
xs

–Closed-loop system ẋs =
��

As
�
−
�
Bs
��

K
��

xs +
�
Bs
�
u

y =
�
I
�

7x7xs

with xs =
�
ẏ ψ̇ θ θ̇ aper δ δ̇

�T
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Feedback and Feedforward Gains

Following the methodology explained in Chapter 3 - Control Strategy
Summary, the feedback and feedforward gains are obtained. The
influence of the inverse velocity term in the gain scheduling stage
was also studied.

Once the dynamic model is completed with the PEV parameters, the
gains are obtained from the Riccati and Sylvester equations:

– Feedback Gains: Riccati equation

M1 Ai + AT
i M1 − M1 Biu R−1

u BT
iu M1 + Qx = 0

K = R−1
u BT

iu M1

– Feedback Gains: Slyvester equation

M2 Ae + (AT
i − M1 Biu R−1

u BT
iu)M2 + M1 Bid Ce = 0

Kd = R−1
u BT

iu M2
KC KV K1/V

K
�
aper -0.56 -0.27 0.52

K
�
ψ̇

19.14 -4.09 -16.63

K
�
θ 242.92 -2.51 5.54

K
�
θ̇

64.40 -0.46 0.84

K
�
aI

per
-0.32 0 0

K
�
δ 1228.56 -270.84 -1121.79

K
�
δ̇

220.54 -59.70 -201.26

The obtained gains are transformed so that the state vector is fully
measurable:

K
�
aper =

Kẏ

a11 + ha41 + Kẏ (bu1 + hbu4)
(56)

K
�
ψ̇ =

Kψ̇(a11 + ha41)− Kẏ(a12 + ha42 + Vx)

a11 + ha41 + Kẏ (bu1 + hbu4)
(57)

K
�
θ =

Kθ(a11 + ha41)− Kẏ(a13 + ha43 − g)
a11 + ha41 + Kẏ (bu1 + hbu4)

(58)

K
�
θ̇
=

Kθ̇(a11 + ha41)− Kẏ(a14 + ha44)

a11 + ha41 + Kẏ (bu1 + hbu4)
(59)

K
�
aI

per
=

KaI
per
(a11 + ha41)

a11 + ha41 + Kẏ (bu1 + hbu4)
(60)

K
�
δ =

Kδ(a11 + ha41)− Kẏ(bδ1 + hbδ4)

a11 + ha41 + Kẏ (bu1 + hbu4)
(61)

K
�
δ̇
=

Kδ̇(a11 + ha41)

a11 + ha41 + Kẏ (bu1 + hbu4)
(62)

K
�
=
�
K

�
aper K

�
ψ̇

K
�
θ K

�
θ̇

K
�
aI

per
K

�
δ K

�
δ̇

�
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Figure 137: Gains relation with ve-
locity. Velocity inverse term is not
considered
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Figure 138: Gains relation with veloc-
ity. Velocity inverse term is considered
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In Figures 137 and 138 the gains of the PEV without driver have
been represented. The gains curves are estimated as a least square
estimation of some discrete points. As was indicated in previous
chapters, the gain scheduling as function of the longitudinal velocity
was designed to depend on three terms Kc, KV and K1/V with:




Kc

KV

K1/V


 = (MT M)−1 MT KM

If the inverse term K1/V is not considered, then the gain scheduling
only depends linearly on the velocity:

�
Kc

KV

�
= (MT M)−1 MT KM

Stability

If the system is studied without feedback control, it is inherently un-
stable. The instability can be visualized through different indicators.

The system matrix
�
As
�

is non-negative defined, meaning that it has
positive eigenvalues. The eigenvalues of

�
As
�

represent the open
poles of the system, and if a pole is in the positive side of the real
numbers, then it means that the system is unstable.

eig(
�
As
�
) =




0
−92.47
−43.38
−4.06
3.61
−0.5
−1




The eigenvalues are usually represented in the pole-zero map. The
poles (represented with a cross X) are the roots of denominator of the
system transfer function, while the zeros (represented with a circle
O) are the roots of the numerator. In figure 139, a pole-zero map
has been included for each system transfer function. The input is
the torque Mt and the outputs are the remaining systems variables:
aper ψ̇ θ θ̇ perI .

All transfer functions share a common pole in the positive real axis,
which makes the system unstable. The transfer functions can also
share some poles and zeros.
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Figure 139: Pole zero map of the
open–loop system (unstable)

Simulating the response of the system to a disturbance δ, δ̇ makes
the state variables unstable and tend to infinite values:

Figure 140: Unstable response of the
open–loop system, without control
feedback

Looking at the ranks of the observability and controllability matrix
of the system:

Ob =
�
C C A C A2 ... C A6

�T

Co =
�

B A B A2 B ... A6 B
�

The system is observable if Ob has full rank (A7x7) and is controllable
if Co has also full rank (A7x7). Therefore, the open loop system is
observable (rank(Ob) = 7), but not controllable (rank(Ob) = 7)
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If the system is controlled with the feedforward and feedback gains,
then the system stabilizes. The matrix

�
As
�

is definite non-positive,
with all its eigenvalues located in the negative side of the pole map.
However, a pair of conjugate imaginary poles and positive zeros are
introduced to effectively stabilize the system.

eig(
�
As
�
−
�
Bs
��

K
�
) =




−81.87
−44.56 + 11.53i
−44.56 − 11.53i

−4.917
−5.478
−0.50
−1




The pole-zero map and the response of the system are indeed stable:

Figure 141: Pole zero map of the
closed–loop system (stable)

Figure 142: Stable response of the
closed–loop system, with control
feedback
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Robustness

The µ-analysis makes it possible to carry out a posteriori robust stud-
ies with respect to the parametric variations of the model, or the ne-
glected dynamics, taking into account the structure and the nature
of the uncertainties.

According to the generalized small gains theorem, checking the ro-
bustness of the stability of the closed loop, amounts to calculating
the singular values of the transfer function µ(H(jw)). The system is
stable if these values are under 1 µ(H(jw)) < 1 and if in addition
µ(H(jw)) is small, the stability of the system is robust.

Figure 143: Singular values of the
open–loop system

High-gain feedback in low-frequency ranges is a way to deal with
the effects of unknown biases and disturbances acting on the process
output. The control feedback increases the singular values (the prin-
cipal gains of the frequency response) at 10 to 100 Hz range, but it
remains below µ = 0 dB = 20 log(1).

Figure 144: Singular values of the
closed–loop system
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Apart from being stable, the system has deal with the effects of un-
certainty. Reducing the effects of some forms of uncertainty (initial
conditions, low-frequency disturbances) without increasing the ef-
fects of the sensor noise or the model uncertainty is the primary job
of the feedback control system.

At the heart of robust control is the concept of an uncertain LTI sys-
tem. Model uncertainty arises when system gains or other param-
eters are not precisely known, or can vary over a given range. The
following table summarizes the model parameters and their varia-
tion over the nominal value.

Value Deviation%
L f 0.51 5 m
Lr 0.81 5 m
h 0.36 15 m
m 35 20 kg
Iz 11 50 kg m2

Ix 4 50 kg m2

Cf 3500 25 N/rad
Cr 3000 25 N/rad
λ f 200 25 N/rad
λr 200 25 N/rad

Table 8: Parameters Deviations

Once formulated, high-level system robustness tools can help to an-
alyze the potential degradation of stability and performance of the
closed-loop system brought on by the system model uncertainty.

The parameter uncertainties mean uncertain pole and zero locations.
Fortunately, among the represented poles, none of them is moving
towards the positive real part, which will produce instabilities.

Figure 145: Uncertainty in the pole
zero map of the open–loop system
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Figure 146: Uncertainty in the pole
zero map of the closed–loop system

Regarding the singular values of the closed-loop system, these values
are not affected by the parameters uncertainties.

Figure 147: Uncertainty in the singular
values of the open and closed–loop
system

Notions such as gain and phase margins help to quantify the sensi-
tivity of stability and performance in the face of model uncertainty,
which is the imprecise knowledge of how the control input directly
affects the feedback variables.

Figure 148: Gain and phase margin

The gain margin is the amount of gain increase or decrease required
to make the loop gain unity at the frequency where the phase angle
is 180°. Similarly, the phase margin is the difference between the
phase of the response and 180° when the loop gain is 1.
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If the stability robustness margin is greater than 1 it means that the
uncertain system is stable for all values of its modeled uncertainty.
Being less than 1 implies that certain allowable values of the un-
certain elements lead to instability. In our system only bounds on
the exact stability margin were computed. The exact robust stabil-
ity margin is guaranteed to lie in between these upper and lower
bounds.

LowerBound: 0.9099

UpperBound: 1.9902

DestabilizingFrequency: 0.1005

A nominally stable uncertain system is generally unstable for specific
values of its uncertain elements. Determining the values of the un-
certain elements closest to their nominal values for which instability
occurs is a robust stability calculation.

Destabilizing Parameters:

C_f: 5.2414e+03

C_r: 1.5074e+03

I_x: 0.0196

I_z: 0.0540

L_f: 0.5607

L_r: 0.7294

h: 0.2525

landa_f: 299.5095

landa_r: 100.4905

m: 48.9313

If the uncertain system is stable for all values of uncertain elements
within their allowable ranges, the uncertain system is robustly stable.
Conversely, if there is a combination of element values that cause in-
stability, and all lie within their allowable ranges, then the uncertain
system is not robustly stable.

Uncertain system is possibly not robustly stable to modeled uncertainty.

-- It can tolerate up to 91% of the modeled uncertainty.

-- A destabilizing combination of 199% of the modeled uncertainty was found.

-- This combination causes an instability at 0.1 rad/seconds.

-- Sensitivity with respect to the uncertain elements are:

’C_f’ is 27%. Increasing ’C_f’ by 25% leads to a 7% decrease in the margin.

’C_r’ is 17%. Increasing ’C_r’ by 25% leads to a 4% decrease in the margin.

’I_x’ is 78%. Increasing ’I_x’ by 25% leads to a 20% decrease in the margin.

’I_z’ is 28%. Increasing ’I_z’ by 25% leads to a 7% decrease in the margin.

’L_f’ is 6%. Increasing ’L_f’ by 25% leads to a 2% decrease in the margin.

’L_r’ is 9%. Increasing ’L_r’ by 25% leads to a 2% decrease in the margin.

’h’ is 8%. Increasing ’h’ by 25% leads to a 2% decrease in the margin.

’landa_f’ is 5%. Increasing ’landa_f’ by 25% leads to a 1% decrease in the margin.

’landa_r’ is 5%. Increasing ’landa_r’ by 25% leads to a 1% decrease in the margin.

’m’ is 12%. Increasing ’m’ by 25% leads to a 3% decrease in the margin.
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Experiments

Once the control system was developed and the PEV was fully fab-
ricated, the test and validation stage started. First, some tests were
run to validate the sensor data. Second, the electronics were tested,
along with the live streaming of data through Bluetooth. Finally, the
control feedback was implemented in Arduino and tested several
times.

Figure 149: PEV outside the MIT
Media Lab

Test Setup

Figure 150: Testing setup schematic

With the intention of comparing the experimental results with the
carried out simulations, the PEV was tested under some controlled
conditions. The 6th floor of the MIT Media Lab was selected as the
test field due to the available space and the accessibility of the room.
The geometry of the experiment was limited by two circumferences
of known radius (R = 2.5m). These circumferences were delimited
by some cardboard boxes laid on the floor.

As has been stated below, the first tests were run to validate the
data coming from the sensors. The throttle potentiometer did not
implicate any problem, neither did the rotary encoder at the rear
wheel. On the contrary, the pair of IMUs (in the frame and in the
handle bar) presented some problems.

– In the calibration stage, the IMUs seemed to lose the ’north
pole’ every time the PEV was transported from one floor to
another. However, when testing in the same floor, these prob-
lem did not appear. To solve this issue, the IMUs had to be
calibrated again with each test.
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– This calibration problem also affected considerably the initial
absolute orientation of both IMUs, meaning that the relative
angle between them –for the δ angle, for example– had a initial
drift.

– The noise coming from the accelerometer and the gyroscope
was excessive for a good control feedback. Each signal com-
ing from the IMU was filtered with a simple one dimensional
Kalman filter. Some preliminary tests were necessary to esti-
mate the parameters of each Kalman filter: p, q, k.

The data was gathered using one of the Bluetooth modules, that sent
the data to the computer, where the selected variables were saved in
a .csv file. Afterwards, the data and the video from the front camera
were a synchronized using an script in Matlab.

Figure 151: Live streaming through
Bluetooth module

The PEV was tested with and without the tilting mechanism, thanks
to the modularity of the front suspension design. The non-tilting
PEV was used for the tests where the sensor data was being validated
and for the tests where the control strategy was implemented. After
all the systems had been validated, the PEV was modified to allow
the tilting and the final experiments were carried out.

Figure 152: Testing setup
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Test Results

The improvement of the PEV from the first to the last test was ev-
ident. The vehicle was exhaustively tested to improve the steering
response as well as the remote control from the Android app. The
mechanical robustness of the vehicle was put to the test during these
experiments.

In the next set of pictures (Figure 153), two turns to the circumference
are illustrated. Before running any test, the PEV team consensually
decided not to put in risk the integrity of any member, so it was
decided to experiment only with driverless PEV. The main focus of
these tests was the validation of the mechanics, the electronics and
the control strategy.

It is important to recall that at the test stage any false step can imply
the breaking of the PEV or in the worst case scenario, the harm of
the researches. A testing vehicle can suppose a danger if it gets out
of control, so some safety measures, both at the hardware and the
software level were implemented.

Therefore, since it was a driverless test, the PEV was remotely con-
trolled, both at the steering and at the throttle. In this experiment, the
control of the PEV was smooth, and the data was correctly gathered
for the afterwards analysis.

With regards to the tilting mechanism, it successfully worked prop-
erly, meaning that the front suspension geometry was appropriate
and that the selection of the components was satisfactory. In addi-
tion, the self limitation of the geometry limited the tilting angle to a
maximum, thus preventing the PEV from rolling over when tilting.

Figure 153: Testing scene
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Figure 154: PEV tilting during the test

Even though the control strategy was not fully validated, the imple-
mentation of the feedback and feedforward gains showed that the
torque Mt was giving good inputs for the tilting.

The main problem with the control strategy was focused on the inte-
gration of the perceived lateral acceleration (aI

per). The integration of
a signal coming from the IMU was reviewed in the chapter 4, where
the velocity of the MiniPEV was estimated from the longitudinal lin-
ear acceleration. The similarities between the two challenges seem
obvious. That is why the control strategy had to be finally reduced
to the output variable aper instead of aI

per

In figures 155,156, 158 and 157 a sample of the carried out test has
been included. This experiment was carried out allowing the tilting
of the vehicle, and the control strategy was almost similar to the
one presented previously in this chapter. The only difference can be
found in the output variable, that is the aper instead of aI

per.

As was already mentioned, lateral stability is obtained when aper =

0. The control of the integrated value of aper avoids the model errors
due to parameters uncertainty, neglected dynamics or linearization
of the model. Therefore, these are the errors that can appear if only
the aper is controlled. In this case the process to obtain the gains is
completely similar.

The Figure 155 represents the disturbance of the model, that is, the
input from the driver. The steering angle indicates the desired direc-
tion. In this case, the vehicle does turn to the left before turning to
the right. The reader can visualize the inherent noise in the steering
rate δ̇. Even though the Kalman filter revokes some of the signal
noise, it is important to remind that the gyroscope data is very prone
to vibrations.

Figure 155: Disturbance signal; input
from the driver δ and δ̇
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The velocity of the vehicle has been included in Figure 156. This
test was carried out at low speed, in order to have the vehicle under
control if necessary. The lateral perceived acceleration aper is noisy
as well, whereas the yaw rate ψ̇ is more smooth. Anyway, the data
confirms that both variables are properly calculated.

Before any input from the driver –when the vehicle is going in a
straight line– both the aper and the ψ̇ are null. Just when the driver
turns the handle bar and steers the front wheels, the yaw rate starts
to increase (meaning a left turn) and the perceived acceleration takes
negative values synchronously. Just when the steering angle is changed
to the opposite direction, these two signals invert their values.

Figure 156: Vehicle variables: lon-
gitudinal velocity, perceived lateral
acceleration and yaw rate

The response of the control strategy is to apply a torque Mt so that
the effect of the disturbance δ on the perceived lateral acceleration
aper is canceled. Using the gains calculated previously, the torque
required from the tilting motor is represented in the Figure 157.

The control objective is obtained with very satisfying performances;
aper does not exceed 1m/s2 and the maximum tilting torque value
is 10 Nm. The fact that more torque is required to the right turn is
due to the fact that the steering input is higher in this case, so that
demanding more torque.

Figure 157: Torque required by the
control system to tilt the PEV
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The applied torque in the tilting motor leans the PEV and as a conse-
quence, there is a change in the tilting angle θ and in the tilting rate
θ̇. In this case the maximum tilting angle goes over 0.15rad = 8deg.,
which is not very high due to the low speed of the test.

Figure 158: Control strategy results

Overall, the carried out tests were satisfactory in almost every way.
The exclusion of the integrate of the perceived lateral acceleration
from the control strategy changed the properties and the robustness
of the system, but far from ruining the developed control model,
this fact introduced a much simpler and effective model. While it
is true that some errors can rise –parameters uncertainty, neglected
dynamics or model linearization – the reduced model successfully
tilt the vehicle.

Figure 159: PEV testing



7. Project Cost & Overview

Cost

This section covers the cost of the elements needed for the prototypes
built in this thesis. It takes into account the materials, machining
processes and labor costs.

Materials Costs

The material costs are obtained from the suppliers where the parts
were purchased. Overall the project was carried out using already
available parts from Changing Places group or MIT Media Lab Ma-
chine Shop.

Item Site Qty Price Total Currency
Adafruit 9-DOF IMU Fusion Breakout - BNO055 Amazon 1 32,33 32,33 $
UNO R3 Board ATmega328P ATMEGA16U2 Amazon 1 10,86 10,86 $
18-8 Stainless Steel Male-Female Hex Thread Adapter McMaster 2 10,13 20,26 $
ICAN Carbon Fiber Seat Clamp 31.81mm Amazon 1 9,99 9,99 $
Cycling Freewheel Threaded 34 mm Amazon 1 3,54 3,54 $
3 Speed 16-19-22T Thread Freewheel Amazon 1 14,99 14,99 $
Threaded Steel 9 Speed 13-32T Freewheel Amazon 1 15,99 15,99 $
Super-Swivel Ball Joint Rod Ends McMaster 4 9,92 39,68 $
USB-C-HDMI Adapter Amazon 1 15,99 15,99 $
Rod-End Washer Insert McMaster 8 3,31 26,48 $
Rotary Motion Position-Measuring Transmitter McMaster 1 307,42 307,42 $
Polyurethane Wheel for Transmitter Kit McMaster 1 54 54 $
Signswise 68*118mm Vp-bc73 Bottom Bracket Amazon 1 14 14 $

565,53 $

Table 9: Material Costs
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Machining Costs

The two prototypes have been taken into account (the miniPEV and
the full scale PEV) throughout all the used processes:

Prototype/Process Waterjet Laser Cut 3D Printing Bending Sand Blaster Tap Drilling
miniPEV 12 6 2
PEV 15 15 10 5 6
Total Hours 15 12 21 2 10 5 6
Cost ($/h) 150 40 80 20 30 10 30
Total Cost 2250 480 1680 40 300 50 180 4980

Table 10: Machining Costs

Labor Costs

Labor Unit price ($/h) Qty. Total price ($)
Research Assistant 12 1400 16800
Principal Investigator 85 10 850
Total 17650

Table 11: Labor Costs

The labor costs are estimated from the annual salaries of the involved
members and the machining costs are estimated from Ulrich & Ep-
pinger’s Product Design and Development 68.

68 K.T. Ulrich and S.D. Eppinger.
Product Design and Development.
McGraw-Hill/Irwin series in mar-
keting. McGraw-Hill/Irwin, 2004.
Available at https://books.google.
co.uz/books?id=Qju5AAAAIAAJ

Total Cost

Part Total price ($)
Materials 565.53

Machining 4980
Labor 17650
Total 23195.53

Table 12: Total Cost

Project Timeline

A Gantt chart with the main tasks of the project has been included.
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8. Conclusions and Future Work

This final chapter concludes the thesis and summarizes the main
conclusions and presents a number of thoughts on future work.

The Persuasive Electric Vehicle was conceived to be an alternative
to the car in urban transportation. This vehicle, along with other
strategies, will progressively take the cars out of the urban areas.
The PEV finds itself between the bike and the car. Its weight, size
and price makes it very attractive for city councils who are willing
to reduce pollution and congestion from their cities. As a vehicle
of the future, it combines the three main concepts of the future of
transportation: electrification, autonomy an shared economy.

It is important to highlight that this thesis vehicle had the purpose of
experimenting with an active tilting system, which accounts for the
principal innovation in lightweight vehicles like PEV. Other active
systems, like the rear propulsion, the steering and the haptic feed-
back in the handle bar were additions to complete the active control
of all the motions in the vehicle.

Furthermore, the vehicle was designed with a very clear idea in
mind: it vehicle had to be easy to ride for any user, independent
of their age and experience with bicycles, for example. In fact the
design and dimensions of the PEV do were thought to not restrict
the handling of the vehicle to any user.

This project has focused on the stability of the PEV and from a gen-
eral perspective, on the stability and balance of lightweight three
wheeler vehicles. However, the PEV is addressing more issues that
the ones related with stability. The autonomy package is upgrading
day by day thanks to the improvement in the computational power
and price of embedded systems like NVIDIA Jetson TX2. In this
way, this vehicle will be completed with the autonomous package
that Changing Places group is developing.
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Thanks to the group’s modular component philosophy, the design
on the vehicle allows the embodiment of the sensors of the autonomous
package (LIDAR, ultrasound sensors and stereo-camera) in the frame
of the vehicle. Not to mention that the existing electronics in this
vehicle –composed of the two Arduino Megas and the rest of con-
trollers and sensors– can be integrated into the embedded Jetson TX2
by means of the ROS environment in Linux.

Regarding the research goals outlined at the beginning of the thesis,
the main objective was to design and fabricate a three wheeler vehicle
with an incorporated active tilting system. It can be concluded that
the main goal of this thesis was overall achieved, but it has to be
pointed out that the fact that tests with driver were not performed
does not fully complete it. However, the proposed solutions agree
with the existing constraints due to the size, the weight and the cost
of a lightweight vehicle like PEV.

The selection of the motors and the mechanical components was
adequate for the limitations of the vehicle. Specifically, regarding the
tilting motor, the attached planetary gears were ideal for increasing
the output torque, which is the main limitation with Direct Tilting
Control systems. This prevented any problem to tilt the vehicle in
the curves and to maintain it in the vertical position when standing.

After reviewing the current developments in vehicle modeling, roll
control and tire modeling, a tilting control system was implemented
in the fabricated vehicle. The justification for the selection of DTC
rather than STC lays in the range of speeds of the PEV and also in
the complexity of the solutions. In this way, the previous work in the
field of tilting vehicles cleared the view and showed the limitations
and problems of the applied techniques.

Uncertainties such as neglected dynamics or environmental factors
were overcome by an stability and a robustness analysis of the con-
trol strategy. In fact, these uncertainties affected the experimental
results as well as the vehicle modeling and simulation.

The vehicle was set up to test the tilting system and the rest of the
active systems. Even though the results were satisfactory, it was not
possible to compare the experimental data with the simulations, due
to the lack of tests. In other terms, the tilting mechanism and the
design of the front suspension probed to be suitable for the vehicle.

Regarding the future improvements in the control strategy, the mod-
eling of the PEV could be improved with real measurements rather
than by trusting a computer generated 3D model. The robustness of
the control strategy could also improve if the control gains could be
calculated in real time based on the signals coming from the vehicle.
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Figure 160: Mens et manus
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Programming Resources

Python Libraries

– pandas http://pandas.pydata.org/

– numpy http://www.numpy.org/

– nltk http://www.nltk.org/

– matplotlib https://matplotlib.org/

– sklearn http://scikit-learn.org/stable/

– gensim https://radimrehurek.com/gensim/

– wordcloud https://pypi.python.org/pypi/wordcloud

– stop words https://pypi.python.org/pypi/stop-words

– rake https://pypi.python.org/pypi/python-rake

– PIL https://pypi.python.org/pypi/PIL

– random https://docs.python.org/2/library/random.html

– os https://docs.python.org/2/library/os.html

– re https://docs.python.org/2/library/re.html

– string https://docs.python.org/2/library/string.html

– operator https://docs.python.org/2/library/operator.html

Arduino Libraries

– Adafruit Sensor https://github.com/adafruit/Adafruit_Sensor

– Average https://github.com/MajenkoLibraries/Average

– BLDC https://github.com/vedderb/bldc

– DigitalWriteFast https://code.google.com/archive/p/digitalwritefast/
downloads

– I2C https://github.com/rambo/I2C

– PID https://github.com/br3ttb/Arduino-PID-Library

– Rotary https://github.com/brianlow/Rotary

– Rotary Encoder with Velocity https://code.google.com/archive/

p/arduino-rotary-encoder-with-velocity/

– SoftI2CMaster https://github.com/felias-fogg/SoftI2CMaster

– SoftEasyTransfer https://github.com/madsci1016/Arduino-SoftEasyTransfer

– VescUartControl https://github.com/RollingGecko/VescUartControl

– Time https://github.com/PaulStoffregen/Time
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Processing Libraries

– arduino https://github.com/geetarista/processing-arduino

– grafica https://github.com/jagracar/grafica

– httprequests https://github.com/runemadsen/HTTP-Requests-for-Processing

– keystone https://github.com/davidbouchard/keystone

– objloader https://github.com/taseenb/OBJLoader

Tools and Components

Machine Shop Tools

– Ultimaker 2+ 3D printer https://ultimaker.com/en/products/
ultimaker-2-plus

– Stratasys Objet Eden260VS 3D printer http://www.stratasys.

com/3d-printers/design-series/objet-eden260vs

– Sindoh DP200 3D printer http://3dprinter.sindoh.com/es/

ProductDP200

– OMAX 2652 JetMachining Center https://www.omax.com/omax-machine/
2652

– Baileigh Manual Roll Bender R-M10 http://www.baileigh.com/

manual-roll-bender-r-m10

– GCC LaserPro Spirit GLS http://www.gccworld.com/goods.php?

act=view&no=20

miniPEV & PEV Components

– Servo Motor SG90 www.micropik.com/PDF/SG90Servo.pdf

– Omron Rotary Encoder E6B2-C https://www.ia.omron.com/products/

family/487/

– PowerSonic PS-1290 http://www.power-sonic.com/images/powersonic/

sla_batteries/ps_psg_series/12volt/PS1290.pdf

– Pololu 50:1 Micro Metal Gearmotor https://www.pololu.com/

product/998

– Miniature Shock Absorbers MA 35 to MA 900 https://www.

hydradynellc.com/images/document/19_Miniature%20Shock%20Absorbers%

20MA%2035%20to%20MA%20900.pdf

– HC-05 Bluetooth to Serial Port Module https://www.itead.cc/

wiki/Serial_Port_Bluetooth_Module_(Master/Slave)_:_HC-05
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– HC-06 Bluetooth to Serial Port Module https://www.itead.cc/

wiki/HC06_Serial_Bluetooth_Brick

– HWT-1004-7AB Down Tube Pack for 36V e-Bike https://www.

evtaiwan.com.tw/en_US/product/info.html?id=C1D0F29F66F5713B87F01A910298F790&

currentRow=19&totalCount=44&iv=N&doPath=1

– NIDEC 48R Motor T-IT-N Characteristics http://www.nidec-motor.
com/

– Energizer XP8000 http://www.tomshardware.com/reviews/notebook-battery-external-power-supply,

2821-9.html

– Electric Bicycle 36V 500W Gearer Rear 26" KIT http://www.

ebikeling.com/shop/electric-bicycle-36v-500w-geared-rear-26-kit-option-1


